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ABSTRACT: In this paper we first recall two important sequences in the ring of isobaric polynomials,
generalized Fibonacci polynomials and generalized Lucas polynomials. Then we define isobaric
logarithm and isobaric exponential operators and show how a hyperbolic trigonometry is constructed
in the ring of isobaric polynomials.
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1. INTRODUCTION

An isobaric polynomial is a symmetric polyno-
mial written on the elementary symmetric poly-
nomial basis [2]. These polynomials have the
pleasant property of being indexed by partitions
of the natural numbers, and they turn out to pro-
vide useful representations of several arithmetic
and algebraic structures [1, 3]. We introduce
two new operators, the isobaric logarithm and
the isobaric exponential operator from which we
can define the isobaric hyperbolic trigonometric
functions: the isobaric hyperbolic sine, cosine,
tangent, etc. for which all of the usual hyper-
bolic trigonometric identities are satisfied. Since
the ring of isobaric polynomials is isomorphic to
the ring of symmetric polynomials, all of these
identities induce (new) identities in the ring of
symmetric polynomials, and imply the existence
of a hyperbolic geometric structure for the ring
of symmetric polynomials.

We are dealing with an algebra (or rather two
isomorphic algebras), which has the property of
supporting a hyperbolic geometry. This suggests
the question: which linear algebras are capable
of supporting a geometric structure, a question
similar to the one answered by the Geometriza-
tion Theorem due to William Thurston, in which

it is proved that every 3-dimensional manifold
suitably restricted supports at least one of eight
kinds of geometries. The results of this paper for
our question show that for a positive answer, it
is sufficient that such algebra have an invertible
logarithmic operator.

In Section 2, we recall two important se-
quences, generalized Fibonacci polynomials and
generalized Lucas polynomials. In Section 3, we
define isobaric logarithm and isobaric exponen-
tial operators. Using these two isobaric operators
we introduce isobaric hyperbolic trigonometric
functions in Section 4. And conclusions are given
in Section 5.

2. TWO IMPORTANT SEQUENCES

The ring of isobaric polynomials has two espe-
cially interesting bases directly related to arith-
metic number theory; namely, the set of general-
ized Fibonacci polynomials (GFP) and the set of
generalized Lucas polynomials (GLP) [2]. They
are simply the isobaric images of the complete
(or homogeneous) polynomials, and the isobaric
images of the power sum symmetric polynomials,
which are known to be bases of the ring of sym-
metric polynomials [2]. We can represent these
two sequences explicitly as follows
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Fk,n = ∑
α`n

(
|α|

α1, . . . ,αk

)
tα1
1 tα2

2 · · · t
αk
k ,

and

Gk,n = ∑
α`n

(
|α|

α1, . . . ,αk

)
n
|α|

tα1
1 tα2

2 · · · t
αk
k .

These two sequences can also be defined by linear
recursions:

Fk,n = t1Fk,n−1 + t2Fk,n−2 + · · ·+ tkFk,n−k,

and

Gk,n = t1Gk,n−1 + t2Gk,n−2 + · · ·+ tkGk,n−k.

Hence the recursions can be extended to negative
indices as well. The sequences can also be pro-
duced in another useful way which quickly leads
to further applications.

We call the polynomial

C(X) = Xk− t1Xk−1−·· ·− tk =: [t1, t2, . . . , tk]

the core Polynomial. We consider the companion
matrix for the core polynomial C(X), namely, the
k× k-matrix

0 1 0 0 0
0 0 1 0 0
...

... . . . ...
...

0 0 · · · 0 1
tk tk−1 · · · t2 t1

 .

We let the companion matrix operate on its last
row vector on the right, and append the image
vector to the companion matrix as a new last
row. We repeat this process obtaining a matrix
with infinitely many rows. Assuming that tk 6=
0 we can also extend the matrix from the top
row upward by operating on the top row with
A−1, getting a doubly infinite matrix, he infinite
companion matrix A∞. The right hand column of
A∞ is the sequence GFP, while the traces of the

k× k contiguous blocks of A∞ are the elements
of GLP.

The isobaric ring is also provided with a useful
(commutative, associative) convolution product
[2]:

Pk,n ∗P′k,n = ∑Pk, jP′k,n− j.

MacHenry and Wong showed that the group of
multiplicative arithmetic functions (MF) in the
ring of arithmetic functions (AF), can be faith-
fully represented by the GLP, where the convolu-
tion product in the ring of isobaric polynomials
represents the Dirichlet product in the ring AF,
and the group of additive arithmetic functions
(AddF) is faithfully represented by GLP, again
using the convolution product in the isobaric ring
[3]. These representations have been useful in
solving problems in the theory of arithmetic func-
tions, for example, in embedding MF in its divis-
ible closure [3].

3. THE ISOBARIC LOGARITHM AND EX-
PONENTIAL OPERATORS

The isobaric logarithm of an isobaric polynomial
P by L(P), and with a set of recursion parameters
{t1, t2, . . . , tk}, is defined by

L(Pn) =
n−1

∑
j=1
− jtn− jPj + kPn.

This operator has the following matrix represen-
tation:

Mn(L) =


1 0 · · · 0
−t1 2 · · · 0

...
... . . . ...

−tn−1 −2tn−2 · · · n

 ,

which is invertible with respect to convolution
product:

Mn(L)−1 =


1 0 · · · 0
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Define EL = Mn(L)−1, which can also be written
as the isobaric exponential operator E:

E(Pn) =
1
n

n

∑
j=1

Fk,n− jPk, j.

Define E(G0) = 1. Then in particular, E(Gn) =
Fn.

Let C(X) = [t1, t2, . . . , tk] and C′(X) =
[t ′1, t

′
2, . . . , t

′
k].

Theorem 1. L(Fk,n ∗ F ′k,n) = L(Fk,n) + L(F ′k,n)
and E(Gk,n +G′k,n) = E(Gk,n)∗E(G′k,n).
Theorem 2. L(F∗rn ) = rL(Fn) and E(rGn) =
E(Gn)

∗r.
These theorems have implications for arith-

metic function theory. They also allow us to imi-
tate the analytic definition of certain trigonomet-
ric functions in using our exponential operator.

4. THE ISOBARIC HYPERBOLIC
TRIGONOMETRIC FUNCTIONS

We will define the hyperbolic trigonometric func-
tions in terms of the exponential operator as is
frequently done in analysis on arguments coming
from the sequence of generalized Lucas polyno-
mials, that is, on the set {Gk,n}, using the notation
C(G) and S(G), respectively, for the isobaric hy-
perbolic cosine and the isobaric hyperbolic sine.
The remaining four hyperbolic functions are de-
fined in terms of these two in the usual way.

Set G = Gk,n, then define the isobaric hyper-
bolic cosine C(G) and the isobaric hyperbolic
sine S(G) as follows:

C(G) =
1
2
(E(G)+E(G)−1)

and
S(G) =

1
2
(E(G)−E(G)−1).

Since E(Gn) = Fn and F−1
n = −tn, we have the

result:
Proposition 1. C(Gn) = 1

2(E(Gn) − tn) and
S(G) = 1

2(E(G)+ tn).
Let δ be the sequence (1,0,0, . . . ,0, . . .).

Theorem 3. C(G)∗2−S(G)∗2 = δ .

Theorem 4. Let G and G′ be two GLP in-
duced by the core polynomials [t1, t2, . . . , tk] and
[t ′1, t

′
2, . . . , t

′
k], respectively, with L(F) = G and

L(F ′) = G′. Then

C(G+G′) =C(G)∗C(G′)+S(G)∗S(G′)

and

S(G+G′) = S(G)∗C(G′)+C(G)∗S(G′).

The proofs can be found in [1].

5. CONCLUSIONS
The ring of isobaric polynomials, being an iso-
morphic copy of the ring of symmetric polyno-
mials, is very useful as its applications to the
ring (UFD) of arithmetic functions illustrates. It
was shown in [3], for example, that there are sub-
groups in the ring of isobaric polynomials that
are isomorphic to the subgroups of Multiplica-
tive Arithmetic Functions and the subgroup of
Additive arithmetic functions, in the ring of arith-
metic functions. It turns out using the algebra of
isobaric functions one can construct the machin-
ery for proving interesting theorems about these
subgroups that transfer through the isomorphism
[3]. In particular, the new operators and their
relations in this paper give rise to new identities
in both the ring of symmetric polynomials and in
the ring of arithmetic functions. Moreover, the
fact that the isobaric ring “supports” a hyperbolic
geometry is also carried over to these other rings
through an appropriate isomorphism. In addition
to these consequences, we have the interesting
problem: which linear algebras support, say, a
hyperbolic geometry, or other of the interesting
classical geometries, a problem analogous to the
one suggested by the Geometrization Conjecture
(now a theorem) proposed by William Thurston
[4].

ACKNOWLEDGMENTS
A. Conci acknowledges Brazilian agencies
CAPES and CNPQ for funding in part this work.

3



REFERENCES
[1] H. Li and T. MacHenry. The Convolution

Ring of Arithmetic Functions and Symmet-
ric Polynomials. Rocky Mountain Journal
of Mathematics, Vol. 43, No. 4, pages 1227-
1259 (2013).

[2] T. MacHenry and G. Tudose. Reflections
on Symmetric Polynomials and arithmetic
functions. Rocky Mountain Journal of Math-
ematics, Vol. 35, No. 3, pages 901-928
(2005).

[3] T. MacHenry and K. Wong. A Representa-
tion of Multiplicative Arithmetic Functions
by Symmetric Polynomials. Rocky Moun-
tain Journal of Mathematics, Vol. 42, No. 4,
pages 1227-1290 (2012).

[4] W. P. Thurston. Three-Dimensional Mani-
folds, Kleinian Groups and Hyperbolic Ge-
ometry. Bull. (New Series) Amer. Math.
Soc.,Vol. 6, No. 3, pages 357-381 (1982).

ABOUT THE AUTHORS
1. Huilan LI is an associate professor at School

of Mathematical Sciences, Shandong Nor-
mal University. Her research is on Alge-
braic Combinatorics, related to Representa-
tion Theory, Algebraic Geometry and Alge-
braic Number Theory.
Email: huilan.li@gmail.com

2. Trueman MACHENRY is a professor emeri-
tus in Department of Mathematics and Statis-
tics at York University. His speciality is re-
search on Group Theory, Number Theory
and Symmetric Polynomials.
Email: machenry@mathstat.yorku.ca

3. Aura CONCI works as a professor at Depart-
ment of Computer Science, Universidade
Federal Fluminense (UFF). Her research is
focused on the development of computa-
tional methods for biomedical image anal-
ysis and the use of machine learning tech-
niques to provide interpretation of acquired

scenarios. Her expertise lies in the areas
of Medical imaging, Numerical Methods,
Pattern Recognition, Computer Graphics
and Image Processing. She has supervised
around 60 Ph.D. and M.Sc. students since
her entrance in academy. She has worked as
coordinator or participant over 25 research
projects under public resources from govern-
ment agencies.
Email: aconci@ic.uff.br

4


	Introduction
	Two important sequences
	The isobaric logarithm and exponential operators
	The isobaric hyperbolic trigonometric functions
	Conclusions

