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1 Introduction

PartitionsandRelations

1. Equivalencerelationsconnectedto partitions (well known)

(⇀) Every equivalencerelationgivesa partition.

(↽) Everypartitioncomes fromanequivalencerelation.

2. Jean-Baptiste Joinet

(¡) Some non-equivalencerelationsgivepartitions!

Homo hominis lupus Virus feminæ lupus

(¿) Which non-equivalencerelationsgive partitions?
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2 Partitions and Relations

2.1 Partitions

Importance abstraction

Example 2.1(Geometry). Direction (inclination)

·

·

·

·

· ·

· ·

·

·

·

·rrrrrrrrrrrrrrrrr

tttttttttt

Direction := set of (parallel) straight lines.

♭
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Example 2.2(Arithmetic). Rationals and fractions

Fraction:
Numerator

Denominator

1
6

+
1
10

=
4
15

1
6

∼ 10
60

1
10

∼ 6
60






+
=

16
60

∼ 4
15

Several fractions for a single rational.

Rational := set of fractions.

♭
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Partition of set S

setP of subsets of S (calledblocks), s. t.:

(6 /0) ∀B ∈ P : B 6= /0 non-void

everyblock has someelement

(
S

) S ⊆ S

B∈P B cover

everyelementis in someblock

(∩) ∀B,C ∈ P : B ∩ C 6= /0 ⇒ B = C disjoint

distinctblocks aredisjoint

∂
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A partitionlooks as follows:
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(See Examples 2.3: Extreme partitions of setN of naturals, p. 8

and 2.4: Particular partitions, p. 9.)
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Example 2.3(Extreme partitions of setN of naturals).

One-block partition Singleton-block partition

{{0,1,2, . . . ,n, . . .}︸ ︷︷ ︸
N

} {{0},{1},{2}, . . . ,{n}, . . .}

♭

Remark 2.1 (Extreme partitions). Non-empty setS 6= /0.

• One-block partition Q := {S}

• Partition intosingletonblocks R := { {a} ⊆ S/a∈ S}
√
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Example 2.4(Particular partitions). Partitions of some sets.

• Set{a,b,c,d,e} partition P3





a

d





︸ ︷︷ ︸

B0





b

e





︸ ︷︷ ︸

B1

{
c

}

︸ ︷︷ ︸
B2

P3: finitelymany (3) finiteblocks

B0 B1 B2

{Ana , Diogo} {Beta , Edu} {Ciça}
{Abel , Deportivo} {Beto , Excelsior} {Cadu}

{0,3} {1,4} {2}
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• SetN of naturals partitionP4 (modulo 4)






0

4
...

4·n
...





︸ ︷︷ ︸

C0






1

5
...

4·n+1
...





︸ ︷︷ ︸

C1






2

6
...

4·n+2
...





︸ ︷︷ ︸

C2






3

7
...

4·n+3
...





︸ ︷︷ ︸

C3

BlockCr : remainder r division by4

P4: finitely many (4) infiniteblocks
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• SetZ of integers partitionP|| (absolute-value)

{
0

}

︸ ︷︷ ︸
D0





+1

−1





︸ ︷︷ ︸

D1





+2

−2





︸ ︷︷ ︸

D2

. . .





+n

−n





︸ ︷︷ ︸

Dn

. . .

P||: infinitely many finiteblocks

D0 D1 D2 D3 . . . Dn . . .

{0} {1, i } {2,2· i } {3,3· i } . . . {n,n· i } . . .

{0} {+1,−1} {+1
2

,−1
2
} {+1

3
,−1

3
} . . . {+1

n
,−1

n
} . . .

{0} {+π ,−π} {+π
2

,−π
2
} {+π

3
,−π

3
} . . . {+π

n
,−π

n
} . . .

11



• SetN+ of positive naturals partitionP∞






1

3

5

7
...

(2·m+1)

...





︸ ︷︷ ︸

E0






2

6

10

14
...

2· (2·m+1)

...





︸ ︷︷ ︸

E1

. . .






2n

2n ·3
2n ·5
2n ·7

...

2n · (2·m+1)

...





︸ ︷︷ ︸

En

. . .

P∞: infinitely many infiniteblocks
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Partition Set Nbr. blocks Block size

P3 {a,b,c,d,e} finite finite

P4 N finite infinite

P|| Z infinite finite

P∞ N+ infinite infinite

♭
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Remark 2.2 (Partition block). Unique block with element.

Partition P of S, elements∈ S: ∃ ! blockB ∈ P, s. t.s ∈ B. √

Partition block function: P(•) : S ։ P

∀s ∈ S∀B ∈ P :
(

P(s) = B ⇔ s ∈ B
)

∂

Example 2.5(Partition block function). Partition P3

(Example 2.4: Particular partitions, p. 9), functionP3(•):

a

��;
;;

;;
; d

����
��

��

B0

b

��;
;;

;;
; e

����
��

��

B1

c

��
B2

♭
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2.2 Relations

Relation→ on set S (See Example 2.3: Classes of relations, p. 8.)

(Dmn) Domain elements with successor

Dmn(→) := { a∈ S/∃b∈ S : a → b }

(Img) Image elements with predecessor

Img(→) := { b∈ S/∃a∈ S : a → b }

([]) Classof a∈ S reached elements

[a] := { b∈ S/a → b }

(/) Quotient set set of classes

S/→ := { [s]⊆ S/s∈ S}

∂
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Example 2.6(Classes of relations). SetS = {a,b,c}

Relation→ [a] [b] [c] Partition?

a
��

55 b
vv ��

c
��

{a,b} {a,b} {c} Yes

a // b // cww {b} {c} {a} Yes

a
�� // b // c {a,b} {c} /0 No

a // ''
b // cgg {b,c} {c} {a} No

a // b
(( cii {b} {c} {b} No

♭
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Properties of relations relation→ on set S

1. Reflection point s
zz

→ reflexive(Rfl) iff ∀s∈ S : s→ s i. e. ∀s∈ S : s∈ [s].

2. Symmetric pair a ((
b ⇒ a bhh

→ symmetric(Smm) iff ∀a,b∈ S : a → b ⇒ b → a.

3. Transitive triple
a // b

��
c

⇒ a

$$I
IIIIII

c

→ transitive(Trn) iff ∀a,b,c∈ S : a → b → c ⇒ a→ c.

4. Equivalence(Eqv): reflexive, symmetric& transitive.

∂

(See Example 2.7: Relation modulok, p. 18.)
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Example 2.7(Relation modulok). Given natural k∈ N.

1. Relationmodulok on N: m≈k n iff m−n is multiple of k.

2. For all m,n∈ N: m≈1 n & m≈0 n ⇔ m= n.

3. Example 2.4 (Particular partitions, p. 10) shows quotient N/≈4.

4. Example 2.3 (Extreme partitions of setN of naturals, p. 8) shows

quotientsN/≈1 (one-block) andN/≈0 (singleton-blocks).

5. For each k∈ N,≈k is an equivalence.

♭
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Remark 2.3 (Equivalences and partitions). SetS 6= /0.

(⇀) For eachequivalence∼ onS: S/∼ is apartition of S.

(↽) For eachpartition of P of S: there is anequivalence∼ onS, s. t.

P = S/∼ (namely:∼ s. t. a∼ b iff P(a) = P(b)).

√

Naturalquestion J.-B. Joinet

Question: Whichpartitionscan be induced by anon-equivalence?

Conjecture: Everypartitionwith more than 1 block.
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2.3 Relationsand Partitions

When is the quotient a partition? J.-B. Joinet

Proposition 2.1(Quotient and partition). Given relation→ on setS 6= /0,

quotientS/→ is a partition iff→ satisfies the 3 conditions:

(δ) S ⊆ Dmn(→) ∀a∈ S ∃b∈ S : a → b

(ι) S ⊆ Img(→) ∀b∈ S ∃a∈ S : a → b

(γ) ∃s ∈ S




b
$$JJ

JJJ

s

c

99sssss


 ⇒ ∀ t ∈ S




b // t

⇓

c // t




♮
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Example 2.8(Conditions for quotient partition). SetS = {a,b,c}.
Relations in Example 2.6 (Classes of relations, p. 16).

Relation→ (δ) (ι) (γ)

a
��

55 b
vv ��

c
��

+ + + Partition

a // b // cww
+ + + Partition

a
�� // b // c − + + [c] = /0

a // ''
b // cgg + + − [a] ∩ [b] 6= /0

a // b
(( cii + − + a 6∈ [a] ∪ [b] ∪ [c]

♭
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Reflexion points& confluence property (γ) (cf. p. 20)

Lemma 2.1(Reflexive confluence). Relation→ with confluence (γ)

1. b: reflexion point b
zz ⇒ (a,b,c): transitive triple

2. a,b: reflexion points a
$$

b
zz ⇒ (a,b): symmetric pair

3. → reflexive ⇒



 → symmetric

→ transitive



 ∴ equivalence

♮

(See Example 2.9: Reflexion points and confluence, p. 23.)
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Example 2.9(Reflexion points and confluence). Confluence property (γ)

1. b: reflexion point

a // b
yy

��
c

⇒ a //

**

b
yy

��
c

2. a,b: reflexion points

a
%% ))

b
yy ⇒ a

%% ))
bhh
yy

♭

Partition from non-equivalence

Corollary 2.1 (Partition from non-equivalence). Relation→ onS 6= /0

 S/→ : partition

→ non-equivalence



 ⇒ →: non-reflexive. ♮
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Strong negative properties of relations relation→ on set S

(siR) → strongly irreflexive iff no reflexion point:

∀s∈ S : s 6→ s i. e. ∀s∈ S : s 6∈ [s]

(saS) → strongly asymmetric iff no symmetric pair:

∀a,b∈ S : a → b ⇒ b 6→ a

(saT) → strongly anti-transitive iff no transitive triple:

∀a,b,c∈ S : a → b → c ⇒ a 6→ c

(saE) → strong anti-equivalence:

strongly irreflexive, asymmetric& anti-transitive.

∂

(See Example 2.10: Relationk-successor, p. 25.)
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Example 2.10(Relationk-successor). Given natural k∈ N.

1. Relation k-successoronZ: m≺k n iff m+k = n.

2. Relation≺1 onZ: 1 chain

. . . −2 ≺1 −1 ≺1 0 ≺1 +1 ≺1 +2 ≺1 . . .

3. Relation≺2 onZ: 2 chains

. . . −4 ≺2 −2 ≺2 0 ≺2 +2 ≺2 +4 . . .

. . . −3 ≺2 − ≺2 +1 ≺2 +3 ≺2 +5 . . .

4. Relation≺3 onZ: 3 chains

. . . −6 ≺3 −3 ≺3 0 ≺3 +3 ≺3 +6 . . .

. . . −1 ≺3 −2 ≺3 +1 ≺3 +4 ≺3 +7 . . .

. . . −2 ≺3 −1 ≺3 +2 ≺3 +5 ≺3 +8 . . .

5. For each natural k> 0,≺k is a strong anti-equivalence. ♭
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3 Relationsand Partitions: Examples

3.1 Relationsfor Finite Partitions

Example 3.1(Partition with 2 finite blocks). SetS= {a,b,c}, 2-block

partition P = {B,C}, with B = {a,b} & C = {c}.
Relations onS inducing partitionP.

1. Relation→= {(a,a),(a,b),(b,c),(c,a),(c,b)}:

a
%%

��
c

jjUUUUUUUUUUUU

yy
b

99 [a] = [c] = {a,b}︸ ︷︷ ︸
B

[b] = {c}︸︷︷︸
C

Relation→ non-reflexive︸ ︷︷ ︸
b

, non-symmetric︸ ︷︷ ︸
(a,b)

, non-transitive︸ ︷︷ ︸
(b,c,b)

.

27



2. Relation→= {(a,c),(b,c),(c,a),(c,b)}:

a

// c

oo

yy
b

99 [a] = [b] = {c}︸︷︷︸
C

[c] = {a,b}︸ ︷︷ ︸
B

Relation→ symmetric, non-transitive, strongly irreflexive.

So, have non-equivalences inducing partitionP = {{a,b},{c}}.
♭
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Example 3.2(Partition with 3 finite blocks). Set{a,b,c,d,e},
P3 = {B0,B1,B2}, with blocksB0 = {a,d}, B1 = {b,e} & B2 = {c}.
(cf. Example 2.4: Particular partitions, p. 9).

Relation→ on{a,b,c,d,e}:

a //

&&NNNNNNNNNNNNNN b

++VVVVVVVVVVVVV

c

vv

hhd //

88pppppppppppppp e

33hhhhhhhhhhhhh

B0 B1 B2

[a] = [d] = {b,e} = B1

[b] = [e] = {c} = B2

[c] = {a,d} = B0

Relation→ strong anti-equivalence.

♭
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Example 3.3(Single finite block). SetS = {a,b,c},
relation→ onS inducing single-block partitionP0 = {S}.
Relation→ onS = {a,b,c}:

[a] = {a,b,c} ⇒ a
%% )) ((

b c

[b] = {a,b,c} ⇒ a bii YY
)) c

[c] = {a,b,c} ⇒ a b cgg ii
yy

∴ a
%% )) ''

bii YY
)) caa ii

yy

Relation→ (full) equivalence. ♭
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Example 3.4(Two-singleton partition). SetS = {⊥,⊤},
2-block partitionP = {{⊥},{⊤}}.
Strongly irreflexive relation→ onS inducingP. So,⊥6→⊥ & ⊤6→⊤.

Relation→ onS = {⊥,⊤}:

[⊥] 6= /0 ⇒ ⊥ ** ⊤

[⊤] 6= /0 ⇒ ⊥ ⊤jj

∴ ⊥ ** ⊤jj

Relation→ strongly irreflexive, strongly anti-transitive, symmetric.

♭
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Example 3.5(Partition with 4 infinite blocks). SetN, modulo-4 partition

P4 = {C0,C1,C2,C3} with blocksC0 = {0,4,8, . . . ,4·n, . . .},
C1 = {1,5,9, . . . ,4·n+1, . . .}, C2 = {2,6,10, . . . ,4·n+2, . . .} &

C3 = {3,7,11, . . . ,4·n+3, . . .} (cf. Example 2.4, p. 10).

Relation→ onN:

0

zz ~~||
||

||
||

|
. . . 4·n

sshhhhhhhhhhhhhhhhhhhhhhhhhhhh

ss

. . .

1

,, ++VVVVVVVVVVVVVVVVVVVVVVVVVVV . . . 4·n+1

  B
BB

BB
BB

BB

%%

. . . 3

ee ccFFFFFFFFFF
. . . 4·n+3

kkWWWWWWWWWWWWWWWWWWWWWWWWWWWW

ll

. . .

2

22 33gggggggggggggggggggggggggggg . . . 4·n+2

<<xxxxxxxxxx

99

. . .

Then: [4·n] = C1, [4·n+1] = C2, [4·n+2] = C3 & [4·n+3] = C0.

Thus, relation→ induces partitionP3 = {C0,C1,C2,C3}.
Relation→ strong anti-equivalence. ♭
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3.2 Relationsfor Infinite Partitions

Example 3.6(Infinite partition with singleton blocks). SetN, partition

P1 = {{n} ⊆ N/n∈ N} (cf. Example 2.3, p. 8).

Relation→ onN (indexN byZ):

. . . // 2·n+1 // . . . // 3 // 1

��
0

��
2 // 4 // . . . // 2·n // . . .

Then: [2·n+3] = {2·n+1}, [1] = {0}, [0] = {2}, [2·n] = {2·n+2}.
Thus, relation→ induces partitionP1 = {{n} ⊆ N/n∈ N}.
Relation→ strong anti-equivalence.

♭
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Example 3.7(Infinite finite-block partition). SetZ, partition

P|| = {Dn⊆ Z/n∈ N}, with D0 = {0} & Dn = {−n,+n} (for n > 0)

(cf. Example 2.4: Particular partitions, p. 11).

Relation→ onZ given in Fig. 1 (p. 35).

Then:

. . . , [−3] = [+3] = {−1,+1}= D1, [−1] = [+1] = {0}= D0,

[0] = {−2,+2}= D2, [−2] = [+2] = {−4,+4}= D4,

[−4] = [+4] = {−6,+6}= D6, . . .

Thus, relation→ induces partitionP|| = {Dn⊆ Z/n∈ N}.
Relation→ strong anti-equivalence.

♭

34



Figure 1: Relationfor absolute-value partitionP|| of Z

−(2·n+3)

&& ,,YYYYYYYYYYYYYYYYYYYYY +(2·n+3)

rrffffffffffffffffffffff

xx

D2·n+3

−(2·n+1) +(2·n+1) D2·n+1

.

.

.
.
.
.

−1

++WWWWWWWWWWWW +1

ssgggggggggggg D1

0

ssgggggggggggg
++WWWWWWWWWWWW D0

−2 +2 D2

.

.

.
.
.
.

−(2·n)

&& ,,YYYYYYYYYYYYYYYYYYYYYYY +(2·n)

rrfffffffffffffffffffffff

xx

D2·n

−(2·n+2) +(2·n+2) D2·n+2
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Example 3.8(Infinite infinite-block partition). SetN+, partition

P∞ = {En⊆ N+ /n∈ N}, with En = {2n · (2·m+1) ∈ N/m∈ N}
(cf. Example 2.4: Particular partitions, p. 12).

Relation→ onN+ given in Fig 2, p. 37.

Then:

. . . , [2(2·n+3)] = E2·n+1, . . . , [2] = E0, . . . , [2(2·n)] = E2·n+2, . . .

Thus, relation→ induces partitionP∞ = {En⊆ N+ /n∈ N}.

Relation→ strong anti-equivalence.

♭
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Figure 2: Relationfor infinite-block partitionP∞ of N+

...
...

E2·n+1 2(2·n+1) . . . 2(2·n+1) · (2·m+1) . . .

...
...

E1 2

  --

. . . 2· (2·m+1)

qq
��

. . .

E0 1 . . . (2·m+1) . . .

...
...

E2·n 2(2·n) . . . 2(2·n) · (2·m+1) . . .

...
...
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4 Relationsfor Partitions: Analysis

Set S6= /0, partitionP of S, relation→ on S:

→ inducesP (→ ⊳ P) iff S/→ = P.

∂

4.1 Limitative Results

Proposition 4.1(Relation for one-block partition). SetS 6= /0,

one-block partitionQ = {S}, relation→ on S.

→ ⊳ Q ⇒ → = S×S︸ ︷︷ ︸
full

equivalence

. ♮

(Cf. Example 3.3: Single finite block, p. 30).
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Proposition 4.2(Relation for two-block partition). SetS 6= /0,

2-bock partitionP = {B,C}, relation→ onS.




→ ⊳ P

→: siR︸ ︷︷ ︸
strongly
irreflexive




⇒ → = (B×C) ∪ (C×B)︸ ︷︷ ︸
saT, Smm

.

♮

(Cf. Example 3.4: Two-singleton partition, p. 31).
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4.2 Relation from Partition

Set S, subsetsM,N ⊆ S, relation→matchesM to N iff

∀a,b ∈ S : a → b ⇔
(

a ∈ M & b ∈ N
)

∂

· ·

M m

· ·

· ·

n N

· ·

//

Lemma 4.1(Matching relation). SetS, subsetsM,N ⊆ S, relation→
matchingM to N. Given elementm∈M:

1. ∀b∈ S : m → b ⇔ b ∈ N;

2. Class: [m] = N. ♮
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 PartitionP of S

transformationt : P→ P



 7→ relation of t:

a
t→ b ⇔ P(a)t = P(b)

∂

Notation Fx(f): fix-point set off ∂

Proposition 4.3(Relation of partition transformation). Partition P of S,

functiont : P→ P.

1. Fx(t) = /0 ⇒ t→: siR, saT (str. irreflexive, anti-transitive).

2. Fx(t2) = /0 ⇒ t→: saS (strongly asymmetric).

3. ∀B ∈ P:
(

t→matchesB to Bt
∴ ∀a∈ B : [a] = Bt

)
.

4. t: bijective ⇒ t→ ⊳ P.

♮
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5 Relationsfor Non-trivial Partitions

Permutations of partitionP = {Bi ⊆ S/i ∈ I}

Lemma 5.1(Finite partitions). I = {0, . . . ,m} (m∈ N).

Partition P = {B0, . . . ,Bm} (cf. Examples 3.2, p. 29, and 3.5, p. 32):

B0 g 33 B1 . . . Bm−1 g 33 Bm

g

uu

m\fixpoint Fx(g) Fx(g2)

m = 0 {B0} {B0}
m = 1 /0 {B0}
m > 1 /0 /0

♮
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Lemma 5.2(Infinite partitions). Concrete index set

1. Permutations ofP = {Br ⊆ S/ r ∈ R} successor& predecessor

σ(Br) := Br+1 τ(Br) := Br−1

. . . Br

σ
))

. . . Br+1

τ
hh . . .

Fixpoints Fx(σ) = /0 = Fx(σ2)

2. Integers:I = Z restriction

. . . Bi

σ
((
Bi+1

τ
gg . . .
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3. Naturals:I = N bijectionN→ Z (cf. Example 3.6, p. 33):

B2·n+3 σ
''PPP

B2·n+1

. . .

B1 σ
$$I

II

B0 σ
$$I

II

B2

. . .

B2·n σ
''NNNN

B2·n+2

♮
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Infinite Partitions (general case)

Proposition 5.1(Permutation for infinite partition).
(

Partition P infiniteP
)

⇓
(
∃ permutationt : P→ P Fx(t) = Fx(t2) = /0

)

♮

Compactness& downward L̈owenheim-Skolem,

see van Dalen pp. 121, 123 (Exercise 10 (v)).
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Theorem 5.1(Relation for non-trivial partition). Partition P of S 6= /0
with | P | ≥ 2, there is a non-equivalence (siR, saT)

t→ inducingP:

(=) | P | = 2 ⇒ t→: Smm (symmetric);

(>) | P | > 2 ⇒ t→: saS (strong anti-equivalence).

♮

| P | ≥ 2 Rfl? Smm? Trn?

| P | = 2 siR Smm saT

| P | > 2 siR saS saT
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OUTLINE

1. Introduction situation

2. Partitions and Relations basic definitions and results

2.1. Partitions importance, definition, examples

2.2. Relations definitions, examples

2.3. Relations and Partitions results

3. Relations for Partitions: Examples finite and infinite partitions

3.1. Relations for Finite Partitions finite & infinite blocks

3.2. Relations for Infinite Partitions finite & infinite blocks

4. Relations for Partitions: Analysis relations inducing partition

4.1. Limitative Results small partitions

4.2. Relation from Partition construction, properties

5. Relations for Non-trivial Partitions permutations for partitions

6. Relations Inducing Partitions summary

49



6 RelationsInducing Partitions

Theorem 6.1(Relation inducing partition). Partition P can be induced by

a non-equivalence iff| P | > 1.

♮

Theorem 6.2(Summary). Relation inducingP = { Bi ⊆ S/i ∈ I }

Partition P Rfl? Smm? Trn? Exhibit?

InfiniteI siR saS saT No

InfiniteI ∈ {R,Z,N} siR saS saT Yes

Finite | I | > 2 siR saS saT Yes

Finite | I | = 2 siR Smm saT Yes

Finite | I | = 1 Rfl Smm Trn Yes

♮
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Remark 6.1 (Examples). Relations for partitionP = {Bi ⊆ S/i ∈ I}

1. InfiniteI ∈ {R,Z,N} (siR, saS, saT) saE:

P1 in 3.6 (Infinite partition with singleton blocks, p. 33);

P|| in 3.7 (Infinite finite-block partition, p. 34);

P∞ in 3.8 (Infinite infinite-block partition, p. 36).

2. Finite | I | > 2 (siR, saS, saT) saE:

P3 in 3.2 (Partition with 3 finite blocks, p. 29);

P4 in 3.5 (Partition with 4 infinite blocks, p. 32).

3. Finite | I | = 2 (siR, Smm, saT) 6Eqv:

P in 3.4 (Two-singleton partition, p. 31).

4. Finite | I | = 1 (Rfl, Smm, Trn) Eqv:

P0 in 3.3 (Single finite block, p. 30).

√
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Other Aspects

1. When doesa relationinducea givenpartition?

Similar to Proposition 2.1: Quotient and partition, p. 20.

2. When isa relation“uniform” w. r. t. a partition?

When one has: sameclassesiff sameblocks

(cf. Example 3.2: Partition with 3 finite blocks, p. 29).

3. Can one have non-uniformrelationsinducinga partition?

Yes; see Example 3.1: Partition with 2 finite blocks (first

relation), p. 27.

4. Do we needpartitionpermutations?

Yes, if we wish uniformrelationsinducingthepartition.
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Retrospect
1. Introduction situation

2. PartitionsandRelations basic definitions and results
2.1. Partitions abstraction, definition, examples
2.2. Relations class, quotient, equivalence, examples
2.3. RelationsandPartitions condition: quotient partition

3. Relationsfor Partitions: Examples finite and infinite partitions
3.1. Relationsfor Finite Partitions finite & infinite blocks
3.2. Relationsfor Infinite Partitions finite & infinite blocks

4. Relationsfor Partitions: Analysis relations inducing partition
4.1. Limitative Results small partitions: 1 & 2 blocks
4.2. Relationfrom Partition partition permutation

5. Relationsfor Non-trivial Partitions permutations for partitions

6. RelationsInducingPartitions characterization, cases

⌣
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A Details

A.1 Details onPartitions and Relations (Sct. 2)

Remark 2.2 (Partition block).Unique block with element.
Partition P of S, elements∈ S: ∃ ! blockB ∈ P, s. t.s ∈ B. √

[ (
S

) ⇒ ∃ (∩) ⇒ ! (cf. p. 6) ]
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Propostion 2.1(Quotient and partition)Given relation→ on setS 6= /0,

quotientS/→ is a partition iff→ satisfies the 3 conditions:

(δ) S ⊆ Dmn(→) ∀b∈ S ∃a∈ S : a → b

(ι) S ⊆ Img(→) ∀b∈ S ∃a∈ S : a → b

(γ) ∃s ∈ S




b
$$JJ

JJJ

s

c

99sssss


 ⇒ ∀ t ∈ S




b // t

⇓

c // t




♮

Proof.

(δ) ⇔ (6 /0), (ι) ⇔ (
S

), (γ) ⇔ (∩).

⊣
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Reflexion points& confluence property (γ) cf. pp. 20, 55

Lemma 2.1(Reflexive confluence)Relation→ with confluence (γ)

1. b: reflexion point ⇒ (a,b,c): transitive triple

2. a,b: reflexion points ⇒ (a,b): symmetric pair

3. → reflexive ⇒



 → symmetric

→ transitive



 ∴ equivalence

♮
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Proof.

1. b
$$I

III b // c

a // b ⇒ b ∴ ⇓

a

::tttt
a // c

2. a
$$J

JJJ a // a

a // b ⇒ b ∴ ⇓

b

::uuuu
b // a

⊣

Corollary 2.1 (Partition from non-equivalence).Relation→ onS 6= /0

 S/→ : partition

→ non-equivalence



 ⇒ →: non-reflexive. ♮

Proof. Lemma 2.1: Reflexive confluence, pp. 22, 56. ⊣
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A.2 Details onRelationsfor Partitions: Examples (Sct. 3)

Strong anti-equivalences for partitions non-uniform

Example A.1 (Four-block partition, 5 elements).

b1
1

!!D
DD

DD
D

b1
0

==zzzzzz

!!D
DD

DD
D b1

2

$$
b1

3ii

b2
1

::

B0 B1 B2 B3

[b1
1] = B2

[b1
0] = B1 [b1

2] = B3 [b1
3] = B0

[b2
1] = B3

♭
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Example A.2 (Four-block partition, 6 elements).

c1
0 ::

%%

c1
1

��
c1

2
))
c1

3

uu

iic2
0

..

c2
1

55kkkkkkkkkkkkkkkk

C0 C1 C2 C3

[c1
0] = C1 [c1

1] = C2

[c1
2] = C3 [c1

3] = C0

[c2
0] = C2 [c2

1] = C3

♭
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Example A.3 (Infinite partition, finite blocks). SetN, modulo-4 partition

P4 = {C0,C1,C2,C3} with blocksC0 = {0,4,8, . . . ,4·n, . . .},
C1 = {1,5,9, . . . ,4·n+1, . . .}, C2 = {2,6,10, . . . ,4·n+2, . . .} &

C3 = {3,7,11, . . . ,4·n+3, . . .} (cf. Example 2.4, p. 10).

Desired classes:

[0] = C1 [4] = C2 [8] = C3 [12] = C1 . . .

[1] = C2 [5] = C3 [9] = C0 [13] = C2 . . .

[2] = C3 [6] = C0 [10] = C1 [14] = C3 . . .

[3] = C0 [7] = C1 [11] = C2 [15] = C0 . . .
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Relation→ onN:

0

�� �� �� ����
��
��
��

4

����
��
��
��
��
��
��
��

�� ��'
''
''
''
''
''
''
''
'

��0
00

00
00

00
00

00
00

00
0 8

%%JJJJJJJJJJJJJJ

�� �� ��

12 . . .

1

.. ++ ))TTTTTTTTTTTTTTTTTTTTTTTTT

**VVVVVVVVVVVVVVVVVVVVVVVVVVVVV 5 9 13 . . . 3

ee ggOOOOOOOOOOOOOOOOOO

ii kk

7 11 15 . . .

2

22 44jjjjjjjjjjjjjjjjjjjjjjjjjj

BB CC

6 10 14 . . .

♭
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Example A.4 (Infinite partition, finite blocks). SetZ, partition

P|| = {Dn⊆ Z/n∈ N}, with D0 = {0} & Dn = {−n,+n} (for n > 0)

(cf. Example 2.4: Particular partitions, p. 11).

Desired classes:

. . . [−5] = D1 [−3] = D1 [−1] = D0

[0] = D2 [−2] = D4

[+2] = D6 [+1] = [+4] = [+6] = . . . = D0

62



Relation→ onZ:

−5

)) ++XXXXXXXXXXXXXXXXXXXXXXX +5

����
��

��
��

��
��

��
��

�
D5

−3

)) ++XXXXXXXXXXXXXXXXXXXXXXX +3

{{ww
wwwwwwwwwww

D3

−1

**VVVVVVVVVV +1

tthhhhhhhhhh D1

0

tthhhhhhhhhh
**VVVVVVVVVV D0

−2

)) ++XXXXXXXXXXXXXXXXXXXXXXX +2

vvnnnnnnnnnnnnnnnnnnnnnnnn

{{

D2

−4

)) ++XXXXXXXXXXXXXXXXXXXXXXX +4

[[ ]]

D4

−6 +6

\\99999999999999999
D6

♭
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Example A.5 (Infinite partition, infinite blocks). SetN+, partition
P∞ = {En⊆ N+ /n∈ N}, with En = {2n · (2·m+1) ∈ N/m∈ N}
(cf. Example 2.4: Particular partitions, p. 12).
Relation→ onN+:

E3 8

�� ��9
99

99
99

%%KKKKKKKKKKK

++WWWWWWWWWWWWWWWWWWWWWWWW 24 40

��











. . . 2(2·3) · (2·m+1) . . .

E1 2

�� ��:
::

::
:

%%LLLLLLLLLLLL

++WWWWWWWWWWWWWWWWWWWWWWWW 6

����
��
��
��
��
��
�

10

��











. . . 2· (2·m+1) . . .

E0 1

�� ��:
::

::
::

%%LLLLLLLLLLL

++WWWWWWWWWWWWWWWWWWWWWWWW 3

����
��
��
��
��
��
�

�� ��

5 . . . (2·m+1) . . .

E2 4

�� ��9
99

99
99

%%KKKKKKKKKKK

++WWWWWWWWWWWWWWWWWWWWWW 12 20 . . . 2· (2·m+1) . . .

E4 16 48 80 . . . 2(2·4) · (2·m+1) . . .

♭
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A.3 Details onRelationsfor Partitions: Analysis (Sct. 4)

Proposition 4.1(Relation for one-block partition).SetS 6= /0,

one-block partitionQ = {S}, relation→ on S.

→ ⊳ Q ⇒ → = S×S︸ ︷︷ ︸
full

equivalence

. ♮

Proof.

See Fig. 3, p. 66(cf. Example 3.3: Single finite block, p. 30). ⊣
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Figure 3: Relation→ inducing one-block partitionQ = {S}

a∈ S

⇓
[a] = S ∴

⇓
...

ak

a
%%

00

$$

...

al

...

...
...

ai
'' ++

!!

ak

tt

kk
ww

...
...

aj
'' ++

44

al

aa

kk
ww

...
...
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Proposition 4.2(Relation for two-block partition).SetS 6= /0,

2-bock partitionP = {B,C}, relation→ onS.




→ ⊳ P

→: siR︸ ︷︷ ︸
strongly
irreflexive




⇒ → = (B×C) ∪ (C×B)︸ ︷︷ ︸
saT, Smm

.

♮

Proof.

See Fig. 4, p. 68(cf. Example 3.4: Two-singleton partition, p. 31). ⊣
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Figure 4: Strongly irreflexive relation→ inducingP = {B,C}
b ∈ B c ∈ C

⇓ ⇓
[b] 6= B [c] 6= C

⇓ ⇓
[b] = C [c] = B ∴

⇓ ⇓
...
ck

b

//

%%
...

cl
...

...
bi
... c

ee

oobj

...

...
...

bi
++

##

ck

rr

kk

...
...

bj ++

22

cl

cc

kk

...
...
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Lemma 4.1(Matching relation) Set S, subsetsM,N ⊆ S, relation→
matchingM to N. Given elementm∈M:

1. ∀b∈ S : m → b ⇔ b ∈ N;

2. Class: [m] = N.

♮

Proof.

1. m∈M ⇒
(

m → b ⇔ b ∈ N
)

.

2. Follows from 1. (asb ∈ [m] ⇔ m → b).

⊣
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Proposition 4.3(Relation of partition transformation).Partition P of S,

functiont : P→ P.

1. Fx(t) = /0 ⇒ t→: siR, saT (str. irreflexive, anti-transitive).

2. Fx(t2) = /0 ⇒ t→: saS (strongly asymmetric).

3. ∀B ∈ P:
(

t→matchesB to Bt
∴ ∀a∈ B : [a] = Bt

)
.

4. t: bijective ⇒ t→ ⊳ P.

♮
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Proof.

1. Fx(t) = /0:

(siR) s
t→ s ⇒ P(s)t = P(s) ∴ s ∈ Fx(t);

(saT)
a

t→ b ⇒ P(a)t = P(b)

a
t→ c ⇒ P(a)t = P(c)




 ⇒ P(b) = P(c)

∴

b
t→ c ⇒ P(b)t = P(c) = P(b) ∴ b ∈ Fx(t).

2.
a

t→ b ⇒ P(a)t = P(b)

b
t→ a ⇒ P(b)t = P(a)




 ⇒ P(a)t
2

= P(b)t = P(a)

∴ a ∈ Fx(t2).

3. a
t→ b ⇔ P(a)t = P(b) ⇔ a∈ P(a) & b∈ P(a)t.

4. ∀s∈ S : [s] = P(s)t ∀B ∈ P∃ t ∈ Bt−1
: [t] = B.

⊣
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A.4 Details onRelationsfor Non-trivial Partitions (Sct. 5)

Proposition 5.1(Permutation for infinite partition).
(

Partition P infiniteP
)

⇓
(
∃ permutationt : P→ P Fx(t) = Fx(t2) = /0

)

♮

Proof. Compactness& downward L̈owenheim-Skolem,

see van Dalen pp. 121, 123 (Exercise 10 (v)).

(First-order theoryΓ: f bijective,Fx( f ) = Fx( f 2) = /0,

{¬c .
= d/c 6= d ∈ C}, setC of new constantscB, for each block B∈ P.

Γ finitely consistent (Lemma 5.1: Finite Partitions, p. 44).

Γ has modelM with |M |= | P |. Use bijection to transferf M to P.)

⊣
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Remark A.1 (Permutations ofn elements). n = 3·q+ r, 0 ≤ r < 3

r = 0

1

��
0

77nnnnn

2

ggPPPPP

︸ ︷︷ ︸
1

. . .

1

��
0

77nnnnn

2

ggPPPPP

︸ ︷︷ ︸
q−1

1

��
0

77nnnnn

2

ggPPPPP

︸ ︷︷ ︸
q

r = 1

1

��
0

77ooooo

2

ggOOOOO

︸ ︷︷ ︸
1

. . .

1

��
0

77ooooo

2

ggOOOOO

︸ ︷︷ ︸
q−1

1
''PPPPP

0

77nnnnn
2

wwnnnnn

3

ggPPPPP

︸ ︷︷ ︸
q

r = 2

1

��
0

88rrrr

2

ffLLLL

︸ ︷︷ ︸
1

. . .

1

��
0

88rrrr

2

ffLLLL

︸ ︷︷ ︸
q−1

1 // 2
$$JJJ

0

::ttt
3

ttjjjjjjjj

4

jjTTTTTTTT

︸ ︷︷ ︸
q

√
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Theorem 5.1(Relation for non-trivial partition).Partition P of S 6= /0
with | P | ≥ 2, there is a non-equivalence (siR, saT)

t→ inducingP:

(=) | P | = 2 ⇒ t→: Smm (symmetric);

(>) | P | > 2 ⇒ t→: saS (strong anti-equivalence).

♮

Proof.

Previous results:

Lemma 5.1 (Finite Partitions, p. 44) and

Proposition 5.1 (Permutation for infinite partition, p. 72).

⊣
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A.5 Details onRelationsInducing Partitions (Sct. 6)

Theorem 6.1(Relation inducing partition).Partition P can be induced by

a non-equivalence iff| P | > 1.

♮

Proof.

Proposition 4.1 (Relation for one-block partition, p. 65) and

Theorem 5.1 (Relation for non-trivial partition, p. 74).

⊣
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Theorem 6.2(Summary).Relation inducingP = {Bi ⊆ S/i ∈ I}. ♮

Proof.

Previous results:

Theorem 5.1 (Relation for non-trivial partition, p. 74),

Lemma 5.1 (Finite partitions, p. 44) and

Proposition 4.1 (Relation for one-block partition, p. 65).

⊣
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A.6 Details onRelationsand Partitions

When doesa relationinducea givenpartition?

Proposition A.1 (Relation and partition). Given relation→ and partition

P on setS 6= /0,→ ⊳ P iff → andP satisfy the 3 conditions:

(δ) S ⊆ Dmn(→) ∀a∈ S ∃b∈ S : a → b

(ι) S ⊆ Img(→) ∀b∈ S ∃a∈ S : a → b

(µ) ∀a∈ S ∀B ∈ P : [a] ∩ B 6= /0 ⇒ [a] = B

♮
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Proof. Proposition 2.1: Quotient and partition, p. 20.

(⇒) Quotient S/→ is a partition ∴ (δ) & (ι)

Givena∈ S, for someC∈ P, [s] = C. So:

[a] ∩ B 6= /0 ⇒ C∩ B 6= /0 ⇒ C = B ⇒ [a] = B

(⇐) We show: (δ) & (ι) & (µ) ⇒ S/→ = P.

(⊆) Givena∈ S, by (δ), have someb∈ S, s. t.a → b; so

b ∈ [a] ∩ P(b) 6= /0, whence (µ) yields[a] = P(b).

(⊇) Givenb∈ S, by (ι), have somea∈ S, s. t.a → b; so

b ∈ [a] ∩ P(b) 6= /0, whence (µ) yieldsP(b) = [a].

⊣
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Given relation→ and partitionP on set S6= /0:

1. → smooth onP iff

∀a,b ∈ S
(

P(a) = P(b) ⇒ [a] = [b]
)

2. → nice forP iff

∀a,b ∈ S
(

[a] = [b] ⇒ P(a) = P(b)
)

3. → uniform overP iff → smooth onP & → nice forP.

∂

(See Examples A.6: Smooth relation, p. 80 and A.7: Nice relation, p. 81.)
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Example A.6 (Smooth relation).

a′

%%KKKKKKKK

b 66c
{{

d

kk

tt

a′′

99ssssssss

A B C D

Classes:

[a′] = [a′′] = B = [c] [b] = D [d] = A

Relation→: not nice ([a′] = [c] & P(a′) 6= P(c)).

♭
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Example A.7 (Nice relation).

a′

''PPPPPPPP

b
��

d

qq

rrddddddddddddddddddddddddd

ll

a′′

77nnnnnnnn
c

77oooooooo

a

//

A B C D

Classes:

[a′] = [a′′] = B [b] = C [c] = D

[a] = C [d] = A

Relation→: not smooth (P(a′) = P(a) & [a′] 6= [a]). ♭
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Relationon set ↔ Transformation onpartition

PartitionP of set S6= /0.

(→) Given relation→ on S 7→ transformation of→:

A →̂ B ⇔ ∃a∈ A : [a] = B

(←) Given transformationt ⊆ P × P 7→ relation of t:

a
t→ b ⇔ P(a)t t P(b)

∂

(See Example A.8: Relations and transformations, p. 83.)
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Example A.8 (Relations and transformations). SetS= {a,b,c}, 2-block

partition P = {B,C}, with B = {a,b} & C = {c} (cf. Example 3.1:

Partition with 2 finite blocks, p. 27).

1. Relation→= {(a,a),(a,b),(b,c),(c,a),(c,b)} (cf. p. 27):

a
%%

��
c

kkVVVVVVVVVVVV

yy
b

99

B C

[a] = [c] = B [b] = C

not nice not smooth

→̂ →̂→
B
&&

W
� g **f _ X

Cjj f_X a
%%

��
// c

oo

xx
b
%%

VV

88 ∴
→̂→ 6=→
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2. Relation→= {(a,c),(b,c),(c,a),(c,b)} (cf. p. 28):

a

// c

oo

yy
b

99

B C

[a] = [b] = C [c] = B

nice smooth

→̂ →̂→

B
**f _ X
Cjj f_X a

// c

oo

yy
b

99 ∴
→̂→=→

♭
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The next result gives some properties of relations for a partition and

partition transformations (cf. p. 82).

Proposition A.2 (Relation for partition). Given partitionP and relation

→ s. t.→ ⊳ P, consider transformation̂→ ⊆ P × P and relation
→̂→.

1. Dmn(→̂) = P = Img(→̂) → ⊆ →̂→.

2. If→ smooth onP, then:
→̂→ ⊆ → & →̂ is functional.

3. If→ nice forP, then →̂ is injective.

♮
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Proof. Proposition A.1: Relation and partition, p. 77.

1. Dmn(→̂) = P = Img(→̂) → ⊆ →̂→
(Dmn) For A ∈ P, havea∈ A, so haveB ∈ P s. t. [a] = B, thusA →̂B.

(Img) For B ∈ P, havea∈ S s. t.[a] = B, thusP(a)→̂B.

(⊆) a→ b ⇒ b ∈ [a] ∩ P(b) 6= /0 ⇒ [a] = P(b) ⇒
∃a∈ P(a) : [a] = P(b) ⇒ P(a)→̂P(b) ⇒ a

→̂→ b.

2. → smooth onP ⇒ →̂→ ⊆ → & →̂ : functional

(a) a
→̂→ b ⇒ P(a)→̂P(b) ⇒ ∃a′ ∈ P(a) : [a′] = P(b) ⇒

[a] = [a′] ⇒ [a] = [a′] = P(b) ⇒ a→ b.

(b) A →̂B′ & A →̂B′′ ⇒ ∃a′ ∈ A : [a′] = B′ & ∃a′′ ∈ A : [a′′] = B′′ ⇒
[a′] = [a′′] ⇒ B′ = [a′] = [a′′] = B′′.

3. → nice forP ⇒ →̂ : injective

A′ →̂B & A′′ →̂B ∃a′ ∈ A′ : [a′] = B & ∃a′′ ∈ A′′ : [a′′] = B ⇒
[a′] = [a′′] ⇒ P(a′) = P(a′′) ⇒ A′ = P(a′) = P(a′′) = A′′.

⊣
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A uniform relationfor a partitionis obtained froma permutation.

Theorem A.1 (Uniform relation for partition). Consider partitionP and

relation→ s. t.→ inducesP and→ is uniform overP.

1. Transformation→̂ is a permutation onP.

2. Relations coincide: → =
→̂→.

3. Hence: relation→ is the relation
→̂→ of permutation →̂ onP.

♮

Proof. Proposition A.2: Relation for partition, p. 85.

⊣
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