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Tumor growth is a complex process that requires mathematical modeling ap-
proaches for studying real-life cancer behavior. The use of cellular automata
(CA) to represent tumor growth in its avascular stage is explained in this work,
and a stochastic CA describing tumor growth is obtained, based on a differential
equations system in the range of continuum mechanics. The novelty of this re-
search is the deduction of the neighborhood structure and rules for a probabilistic
CA from these differential equations that describe the evolution of the tumor
growth. In addition, the influence of the stresses on tumor growth is captured by
the CA.

1. Introduction

Cell-based and cell-centered approaches for the study of biological soft tissues
have been widely used [Hoehme and Drasdo 2010; Merks and Glazier 2005]. In
particular, cellular automata (CA) are one of the most successful models [Rejniak
and Anderson 2011; Boondirek et al. 2010] and have been used in a large number
of studies [Kansal et al. 2000b; Dormann and Deutsch 2002; Deutsch and Dormann
2005].

Cellular automata models have been widely used to simulate avascular tumor
growth [Dormann and Deutsch 2002; Kansal et al. 2000a], tumor cell invasion
[Anderson et al. 2009], and tumor interactions with various environmental factors
[Rejniak and McCawley 2010]. A review of the main methodologies for CA mod-
els describing tumor growth is provided in [Boondirek et al. 2010], emphasizing
that most researchers have attempted to consider a microscopic scale to describe
the macroscopic characteristics of tumor morphology. In [Kansal et al. 2000b], a
three-dimensional cellular automaton model of brain tumor growth is developed,
simulating the Gompertzian model very precisely. A quantitative analysis of the
growth of a subpopulation within a previously homogeneous tumor is presented in
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[Kansal et al. 2000a], applying a cellular automaton with a Delaunay triangulation
lattice. In [Dormann and Deutsch 2002], avascular tumor growth is simulated using
a hybrid lattice-gas cellular automaton, exhibiting self-organized formation of a
layered tumor structure. A multiscale investigation focused on tumor cell invasion
is given in [Anderson et al. 2009], using an evolutionary hybrid cellular automata
model (EHCA). A comparison of relative strengths and weaknesses of various cell-
based models, including CA, is presented in [Rejniak and McCawley 2010].

In this work, cellular automata are used for studying the process of tumor growth,
specially in its avascular stage. The novelty of this research is the deduction of the
neighborhood structure and the rules for a stochastic CA from continuous deter-
ministic differential equation (DE) models. In addition, both the application of CA
to study the evolution of tumor growth in time and the influence of the stresses
in the growing of the tumor are considered in this work. The validation of the
theoretical biomechanical model using CA is presented as well.

Having a CA model created from a system of differential equations allows one
to describe more realistically the real-life situation of the tumor stage. The goals
of the present work are summarized as follows:

(1) To visualize the tumor growth process represented by a system of differential
equations.

(2) To obtain the evolution of the variables over time, mainly the tumor radius, in
a new manner, more realistic and closer to the reality, where the tumor is not
perfectly regular or circular. To reach this goal, a continuous deterministic
DE model is transformed into a probabilistic CA.

(3) To create an alternative for studying the process of tumor growth in an inter-
active mode.

2. Cellular automata

Cellular automata have been seen mainly as discrete abstract computational sys-
tems. The Stanford Encyclopedia of Philosophy [Berto and Tagliabue 2012] de-
fines cellular automata as follows:

Firstly, CA are (typically) spatially and temporally discrete: they are
composed of a finite or denumerable set of homogeneous, simple units,
the atoms or cells. At each time unit, the cells instantiate one of a finite
set of states. They evolve in parallel at discrete time steps, following state
update functions or dynamical transition rules: the update of a cell state
obtains by taking into account the states of cells in its local neighborhood
(there are, therefore, no actions at a distance). Secondly, CA are abstract,
as they can be specified in purely mathematical terms and implemented
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in physical structures. Thirdly, CA are computational systems: they can
compute functions and solve algorithmic problems. Despite function-
ing in a different way from traditional, Turing machine-like devices, CA
with suitable rules can emulate a universal Turing machine, and therefore
compute, given Turing’s Thesis, anything computable.

Rigorously, the cellular automata is a quadruple (C, n, S, f ) [Deutsch and Dor-
mann 2005], where:

• C is a set of cells, not required to be finite.

• n :C×C→{0, 1} is a neighborhood function that can been seen as a relation-
ship (usually reflexive and symmetric) between the cells. This function shows
which pairs of cells are neighbors, that is, the geometry of the cell organization.
Furthermore, n must satisfy the neighborhood size independence condition:
|N (c0)| = |{c ∈ C : n(c0, c)= 1}| = N is a constant for every c0 ∈ C ; i.e., the
size of the neighborhood is the same for all cells.

• S is a set of states. As discussed below, each cell will have an associated state,
in each moment.

• f : S|N |→ S is a transition function. The transition function is a core of the
CA dynamics and is commonly expressed with rules that define the state of
the cell in the next time moment from the state of the cell neighbors.

The set of cells C with the neighborhood function n defines the structure of the
cell space.

The simplest CA model can have binary cells (two states, “tumoral” or “normal”
[Hu and Ruan 2003]). Commonly, the states are represented by a set of integer val-
ues {0, 1, 2, . . .}, each of these values having an appropriate physical or biological
interpretation.

3. Linear elasticity tumor model

This work focuses on the mathematical model developed in [Ramírez-Torres et al.
2016], where the authors using linear elasticity generalize the Ngwa–Agyngi model
[2012], which describes the evolution of growth-induced stresses in a spherical and
isotropic growing tumor surrounded by an external medium.

The generalization of the model considering real cases of stresses is discussed
in [Ramírez-Torres et al. 2016], where the dependence of tumor growth on the
stresses is analytically derived. This particular model explores the avascular stage
of a solid tumor.

This section briefly describes the model. We note that, in this article, we do
not focus on its derivation but, instead, on obtaining from the model a CA that
represents the tumor growth, as described in the next section.
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Variable Definition

t Time
r Radial coordinate

R(t) Radius of the tumor at time t
R0 Radius of the tumor at t = 0

c(r, t) Nutrient concentration inside the tumor
cb Nutrient concentration at boundary

u(r, t) Tumor cell displacement
v(r, t) Tumor cell displacement velocity
σ Cauchy stress tensor of the tumor
σr Cauchy stress tensor component in radial direction
σθ Cauchy stress tensor component in transversal direction
σ e Cauchy stress tensor of the external medium
E Young’s modulus
ν Poisson’s ratio
e Strain tensor of the tumor
ee Strain tensor of the external medium
ρ Tumor cell density
γr Tumor growth anisotropy parameter (radial direction)
γθ Tumor growth anisotropy parameter (transversal direction)
η1 Dependence of cell proliferation on stresses
η2 Dependence of cell death on stresses

Table 1. Model variable definitions.

The variables and constants of the model are shown in Table 1.
The mathematical model obtained by [Ramírez-Torres et al. 2016] is a general-

ization of [Ngwa and Agyingi 2012] as a result of the followings assumptions:

(i) Tumor cells form a homogeneous population that is considered a continuum.
(ii) There is adhesion between tumor cells at the boundary, which maintains the

tumor’s solid shape and is in equilibrium with the expansive forces exerted
by the internal cell proliferation.

(iii) The tumor has a spherical shape, and its symmetry is maintained at all times.
(iv) The tumor is in a state of diffusion equilibrium.
(v) The nutrient consumption rate is proportional to the nutrient concentration

and to the tumor cell density. Without stresses, the cellular proliferation rate
is proportional to the nutrient concentration and to the tumor cell density,
while cell death is proportional to the cellular density.

(vi) The tumor material is assumed to be incompressible and responds to stress
in a purely elastic and isotropic form.

(vii) There is a constant nutrient concentration in the tumor boundary.
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(viii) There is an external medium, which is supposed to be elastic, isotropic, and
incompressible.

The tumor is modeled as a solid in the three-dimensional space, and the forces
on it are considered acting per volume unit. As a result of the spherical symme-
try hypothesis, the problem is treated in one dimension with respect to the radial
coordinate r .

3.1. Kinematics and equilibrium equations. Because of the radial symmetry (hy-
pothesis (iii)), the surface of the tumor is given by S = r − R(t) and the velocity
field has the form v = (vr , 0, 0), leading to

d R
dt
= vr (R, t). (1)

This equation represents the growth rate of the tumor. Removing the inertial factors
and considering hypothesis (i), the equilibrium equation is

∇ · σ + F = 0, (2)

where F is the vector of body forces, which is considered null.

3.2. Constitutive equation. The constitutive relation, which associates the stress
σi j with the material strain ei j , represents a material with a linear elastic response
subject to an anisotropic growth:

ei j = g(δ1iγr+(δ2i+δ3i )γθ )δi j+
1+ ν

E
σi j−

ν

E
δi jσkk with i, j, k = r, θ, φ, (3)

where g is the growing factor, δi j is Kronecker’s delta, γr , γθ ∈R+, and γr+2γθ = 1.
Parameters γr and γθ represent the proportions of the tumor growth in the radial
and transversal directions, respectively.

Assuming small deformations, e= 1
2(∇u+ (∇u)T ), using the material incom-

pressibility (i.e., ν = 1
2 ) from hypothesis (iv), and applying a Jaumann derivative

in (3), we obtain the relationship between the rates of deformation and stress

1
2(∇v+(∇v)

T )i j = (∇ ·v)(δ1iγr+(δ2i+δ3i )γθ )δi j+
1

2E
D
Dt
(3σ− I tr(σ ))i j . (4)

3.3. External medium. From assumption (viii), the external medium satisfies the
generalized Hooke’s law

σ e
i j =

Eν
(1+ ν)(1− 2ν)

δi j ee
kk +

E
1+ ν

ee
i j , (5)

since the material is incompressible, ν = 1
2 , and (5) becomes

σ e
i j =−pδi j +

2E
3

ee
i j , (6)

where p is the isotropic pressure.
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3.4. Growth equation. For a living tissue, growth can be interpreted as the differ-
ence between cell production and cellular death. Then, from the mass-conservation
continuity equation and hypothesis (v), we have

∂ρ

∂t
+∇ · (vρ)︸ ︷︷ ︸
growth

= αcρ(1+ η1 tr(σ ))︸ ︷︷ ︸
cellular proliferation

− kρ(1− η2 tr(σ ))︸ ︷︷ ︸
cellular death

, (7)

where η1, η2 ∈ R+ are constants representing the dependence of cellular prolifera-
tion and death on stress.

As a consequence of tumor incompressibility (assumption (vi)), we get from (7)

∇ · v = αc(1+ η1 tr(σ ))− k(1− η2 tr(σ )). (8)

3.5. Nutrient concentration. The nutrient concentration variation is determined
by nutrient diffusion through the boundary of the tumor and its consumption by
tumor cells in the interior. From assumptions (iv) and (v), it is noticed that

∂c
∂t
+ v · ∇c = Dc∇

2c︸ ︷︷ ︸
diffusion

− Accρ︸ ︷︷ ︸
consumption

, (9)

where c represents the nutrient concentration, Dc is the diffusion rate (which is
assumed to be constant), and Ac is the nutrient consumption rate. Moreover, as-
suming that the nutrient concentration variation is much smaller than its diffusion
and consumption, (9) can be written as

Dc∇
2c = Accρ. (10)

3.6. Nondimensionalization of the model. An important step in modeling is to
work with nondimensional variables. With this purpose, we define the constants

L ≡

√
Dc

Acρ
, τ ≡

1
αcb

, cb, and ε ≡
k
αcb

,

which represent the length scale, time scale, constant nutrient concentration at the
boundary, and ratio between the cellular death and cellular proliferation rates. We
use asterisks to identify the nondimensional variables:

r∗ =
r
L
, σ ∗i j =

σi j

E
, p∗ =

p
E
, v∗ =

v

αcb L
, t∗ =

t
τ
, and c∗ =

c
cb
.

These new variables are placed in (1), (2), (4), (6), (8), and (10). For simplicity of
notation, the asterisks are removed.

The equation of nutrients, derived from (10), can be solved analytically. We
thus get

c(r, t)=
R sinh r
r sinh R

. (11)
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Then taking into account the radial symmetry v = (vr , 0, 0) and placing (11) in the
equation resulting from the nondimensionalization of (8) leads to

∂vr

∂r
(r, t)=

R sinh(r)
r sinh(R)

[1+ η1 E(3σr (r, t)− 2β(r, t))]

− ε[1− η2 E(3σr (r, t)− 2β(r, t))] − 2
vr (r, t)

r
. (12)

Now, in matrix form, (4) reads
∂vr

∂r
0 0

0
vr

r
0

0 0
vr

r

= 1
r2

∂

∂r
(r2vr )

γr 0 0
0 γθ 0
0 0 γθ


+

1
2E

(
∂

∂t
+ vr

∂

∂r

)σ1 0 0
0 σ2 0
0 0 σ3

 , (13)

with

σ1 = 2σr − σθ − σφ,

σ2 = 2σθ − σr − σφ,

σ3 = 2σφ − σr − σθ ,

where σr , σθ , and σφ are the diagonal components of the Cauchy stress tensor
σ . In (13) the diagonal elements are the only nonzero elements because of the
symmetry assumptions. If the second diagonal element is subtracted from the third
in the matrix equation, then(

∂

∂t
+ vr

∂

∂r

)
(σθ − σφ)= 0,

suggesting σθ = σφ because the material derivative of σθ − σφ is zero. Substituting
this result in the first diagonal element of (13), we have(

∂

∂t
+ vr

∂

∂r

)
(σr − σθ )= 2

(
γθ
∂vr

∂r
− γr

vr

r

)
. (14)

As in (4), the equilibrium (2) represents a system of partial differential equations,
i.e., three partial differential equations for three unknown functions (σr , σθ , and σφ),
and the only nonzero equality is that corresponding to the radial direction, i.e.,

∂σr

∂r
+

2(σr − σθ )

r
= 0. (15)
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Finally, from (1), (12), (14), and (15), the model is given by the system of first-
order partial differential equations

d R
dt
(t)= vr (R, t) for t ∈ R∗

+
, (16)

∂vr

∂r
(r, t)=

R sinh(r)
r sinh(R)

[1+ η1 E(3σr (r, t)− 2β(r, t))]

− ε[1− η2 E(3σr (r, t)− 2β(r, t))]

− 2
vr (r, t)

r
for t ∈ R∗

+
and r ∈ (0, R], (17)

∂σr

∂r
(r, t)=−

2β
r

for t ∈ R∗
+

and r ∈ [0, R), (18)

$(r, t)=
(
∂

∂t
+ vr (r, t)

∂

∂r

)
β(r, t) for t ∈ R∗

+
and r ∈ (0, R), (19)

with

$(r, t)= 2
(
γθ
∂vr

∂r
− γr

vr

r

)
= 2γθ

(
R sinh(r)
r sinh(R)

[1+ η1 E(3σr (r, t)− 2β(r, t))]

− ε[1− η2 E(3σr (r, t)− 2β(r, t))]
)
− 2

vr (r, t)
r

,

subject to the initial and boundary conditions

R(0)= R0,

σr (r, 0)= 0,

β(r, 0)= 0,

v(0, t)= 0,

where β = σr − σθ . Two conditions are still needed for β and σr .

(i) Condition for β at r = 0. Since vr = 0 at r = 0 and the derivatives of β are
bounded (because β is assumed C1 in [0, R] with respect to r ), then

∂β

∂t
(0, t)=$(0, t).

Therefore, the first boundary condition for β is

∂β

∂t
(0, t)= (2γθ − 1)

(
R

sinh(R)
[1− η1 E(3σr (0, t)− 2β(0, t))]

− ε[1+ η2 E(3σr (0, t)− 2β(0, t))]
)
+
∂vr

∂r
(0, t).
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(ii) Condition for σr . This condition may be determined if the constitutive equation
(6) of the external medium is used assuming the continuity of the stresses at the
tumor boundary. Because of the spherical tumor symmetry from hypothesis (iii)
and the incompressibility of the external medium (hypothesis (viii)),

tr(e)=
1
r2

∂

∂r
(r2ur )= 0.

Substituting the solution of the above equation in (6), we have

σr |r=R =−
4(R− R0)

3R
.

4. Cellular automata model definition

A cellular automaton based on a linear elasticity tumor model [Ramírez-Torres et al.
2016] is defined. The model described in [Ramírez-Torres et al. 2016] and sum-
marized in the previous section is taken as an example of a system of differential
equations (DE) that represents tissue growth, i.e., tumor growth in this case.

The present continuum-mechanical model considers the tumor as a solid in the
three-dimensional space, and the forces on it are considered acting per volume unit.
As a result of the spherical symmetry hypothesis, the body deformation is the same
in two of the three principal directions and no shear deformations are accounted
for. Moreover, from the symmetry condition, all the fields depend only on time t
and on one spatial variable r . The three principal stresses are σr , σθ , and σφ , with
(as shown in the text after (13)) σθ = σφ . In this sense, we only need to find σr

and σθ , given that the stress in the direction orthogonal to the plane where they are
contained, corresponding to the third principal stress, is equal to σθ and therefore
not necessarily zero. Hence, the theoretical model is addressed as neither a plane
strain nor as a plane stress problem [Sokolnikoff 1956].

On the other hand, for representing the cellular automaton model, a cross section
passing through the origin of the tumor in the three-dimensional model is taken. It
does not matter which cross section because, given the spherical symmetry of the
continuous theoretical model, all the cross sections are equivalent. Therefore, the
cellular automaton is constructed in a two-dimensional setting, although the model
is easily extended to three dimensions. Indeed, the rules of the model are given
for any spatial dimension. Hence, the stresses and deformations in the cellular
automaton model are the same stresses and deformations which are completely
contained in a cross section of the continuum-mechanical model.

The transformation of the deterministic DE linear elasticity tumor model into a
cellular automaton is required. The neighborhood structure and the rules for a prob-
abilistic CA are deduced from continuous differential equations. The CA solution
presented in this work can be extended to other similar continuous DE models.
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4.1. General model definition. In the present study, a simple two-state cellular
automaton is considered, where a 0-state represents a normal cell and a 1-state
exemplifies a tumoral cell.

The automaton is considered infinite because it is defined in a borderless square
lattice in which there exists some central cell with coordinates (0, 0). The initial
state assigned to each cell is 0, except for a finite number of them. Practical im-
plementations of this model must maintain a finite matrix representation of the
relevant part of the lattice and expand it on demand.

The neighborhood structure and a rule set that describes the continuous model
behavior are explained in the following.

4.2. Neighborhood structure selection. There is an equivalence (1) between the
tumor radius growth speed and the tumor cell displacement speed in the continuous
model described in [Ramírez-Torres et al. 2016]:

d R
dt
= v(R, t).

The speed v could be used in the definition of the transition rules of the CA
because the “displacement speed” oriented outside the tumor is closely related to
the tumor cell propagation. In addition, we know that v does not depend explicitly
on the spatial coordinates of a point but instead on the radial one. This fact implies
that the “influence” of a tumor is equally distributed in all directions from the center
of the model.

In order to select the appropriate neighborhood structure, we should take into
account this property of the tumor growth speed. Since all the discrete time steps
are equal, the increments of the tumor cell coordinates should also be equal, for
the same moment of time, in all directions. In the CA, the increment of the tumor
cell coordinate is described as the propagation of some tumor cell into another
normal cell.

Therefore, the influence zone (neighbor) of any cell c must have cells with the
same distance to c. We can choose some constant distance q, and for any cell c0,
the neighborhood is defined as

{c ∈ C : d(c0, c)= q},

where d(c1, c2) is the common Euclidean distance in the unit square lattice.
We choose q = 1, which generates a well known von Neumann neighborhood

[Deutsch and Dormann 2005]. It is possible to choose other values of q, such as
q =
√

2 or q = 2, generating other unexplored neighborhoods.

4.3. Rule inference. The main principle used in the area of rule inference from
continuous models [Guinot 2002] consists of creating a stochastic rule with the
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structure

sc(t +1t)=
{

sc(t)+ 1, X ≤ g(sc(t), N (c),1t),
sc(t), X > g(sc(t), N (c),1t),

(20)

where X is a random variable with uniform distribution in (0, 1) and 1t is the
length of the time step. The hardest part of rule inference is precisely the correct
and meaningful definition of g. Actually, function g expresses the idea of the
“speed” of growing in some place of the lattice where conditions around the cell
are expressed by the state of the cell itself sc(t) and by its neighborhood N (c).

From the continuous model, the differential equation (1) shows the relationship
between the tumor radius growth speed and the radius itself:

d R
dt
= v(R, t).

Initially, we assume that v(R, t)≥ 0, i.e., the size of the tumor is nondecreasing.
We interpret d R

dt as the average number of new tumor cells created from one
tumor cell per unit of time. If d R

dt < 1, this speed is seen as the probability of
appearance of a new tumor cell during the unit time step, i.e., function g. Otherwise,
some normalization process over d R

dt becomes necessary.
In the case when η1 = η2 = 0 (stress dependence is not considered), a closed-

form expression for v can be obtained from (16)–(19):

d R
dt
=

cosh R
sinh R

−
1
R
−
εR
3
, (21)

where ε is a constant. The fact that v(R, t)= v(R), depending only on the maxi-
mum tumor radius, is particularly important for the rule definition process because
cellular automaton inherently does not have any notion of time: the next state
depends only on the current state.

However, if η1 6= 0 or η2 6= 0, then the stress influence is taken into account and
no closed-form expression can be obtained for v. In this case, v(R, t) is approxi-
mated using numerical methods, like Euler’s method or the Lax–Wendroff scheme
from finite differences.

4.3.1. Case without stress dependence. If η1 = η2 = 0, stresses are not taken into
account, and a closed-form expression (21) for v is obtained from the differen-
tial equations (16)–(19). The properties of this equation are analyzed in order to
appropriately define g.

Stability analysis. Equation (21) has the form R
′

t = v(R), where R
′

t is the derivative
of the radius function with respect to time. In the classical numerical methods, we
can use the fact that, for a small h,

R
′

t ≈
Rt+1− Rt

h
and Rt+1 ≈ Rt + hv(R).
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Figure 1. Case without stress dependence, stability analysis: in-
crement function (cosh R)/(sinh R)− 1/R− εR/3 for ε = 0.1.

It is clear that, for a discrete time step h, v(R) represents the increment in the
tumor radius from a time moment to the next. In terms of cellular automata, it
represents the magnitude of propagation of a tumoral cell c into its normal neighbor.
However, since CA are discrete computational systems in space, the tumoral cell
cannot be expanded in a fractional amount of space.

In Figure 1, the increment v(R) reaches a local maximum close to v = 0.63 and
has a root close to R = 29. The tumor radius starts its growth at R = R0 ≥ 0. Since
the increment is always positive, it grows asymptotically to the root value, where
the increment is null.

We analyze the rule inference process, where the function g is appropriately
defined. In rule (20), g indicates the probability of expansion of a tumoral cell into
a normal neighbor. In this sense, the desired expansion probability is exactly the
magnitude of propagation of the tumor cell. Since the increment v(R) ∈ [0, 1] is
bounded, it can be used as the probability g, simply setting g = v. If v(R) /∈ [0, 1],
it would have been necessary to perform some normalization process over v(R).

To summarize, if the stress dependence is not considered, the following stochas-
tic rule emerges:

sc(t +1t)=
{

sc(t)+ 1, X ≤ v(r),
sc(t), X > v(r),

(22)

where X is a random variable with uniform distribution in (0, 1),

v(r)=
cosh r
sinh r

−
1
r
−
εr
3
,
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and r =
√

i2+ j2 is the radial coordinate of a cell. Although the angular coordinate
is not present in this rule, this does not mean that the model is symmetric in all
polar directions. The asymmetry is present indirectly through random variable X
whose realizations must be generated at every time step and for each cell [Guinot
2002], leading to an irregular shape.

4.3.2. Case with stress dependence. The assumption that η1 6= 0 or η2 6= 0 leads
to a scenario where the stresses’ influence is considered. In particular, no closed-
form expression can be obtained for v in this case, making the use of numerical
methods unavoidable. Therefore, v is approximated using Euler’s method or the
Lax–Wendroff scheme from finite differences [Ramírez-Torres et al. 2016]. More
precisely, numerical approximations of R(t) and v(R, t) are obtained. This means
that pairs (Ri , v(Ri )) are computed for each moment in time ti , where

• Ri is the tumor radius at ti and

• v(Ri ) is the tumor growth speed at any point of the tumor border at ti .

There is no guarantee of the existence of a functional dependency between v
and R, as in (21). In fact, there are cases where for the same value of R, more
values of v are obtained. One example is shown in Figure 2, where no v(R) can be
defined because R(t) is not injective, with two distinct growth speeds at the same
radius, at two distinct moments of time.

We first analyze the case where the function v(R) is approximately definable.
Next, we examine, the case where the function v(R) cannot be defined.

(i) Definable v(R). If R(t) is a strictly increasing function, then it is also injective
and an ordered sequence of pairs (Ri , v(Ri )) is obtained, where all radius values
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Figure 2. Tumor radius growth in time, theoretical model, strict
extremum case.
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are different. In this case, function v(R) is approximately defined in the following
way. To evaluate v(R) for some R = R j , the speed value that corresponds to the
closest to R j among all the radius values in the sequence is selected.

The smaller the time step becomes, the better the approximation is, since there
is a higher density of available R values.

Given this definition of v(R), the stochastic rule for the CA is defined in a similar
way as in the case without stress dependence (22):

sc(t +1t)=
{

sc(t)+ 1, X ≤ v(Ri ),

sc(t), X > v(Ri ).
(23)

Here, v(Ri ) is the evaluation of the radius Ri that is closest to the radial coordi-
nate of the cell value, from the available radius-speed evaluations.

The sequence of pairs (Ri , v(Ri )) is called from now on the guide set and rep-
resents an approximation to the actual v function. It is used as a guide during the
CA evolution process.

(ii) Undefinable v(R). If R(t) is not a strictly increasing (or strictly decreasing1)
function, the injectivity of R(t) cannot be guaranteed and no simple functional
dependency between v and R can be defined.

In particular, the special case where R(t) has a strict extremum is considered. In
Figure 2 an example is shown. The existence of some pair (Rm, v(Rm)) is assumed,
where Rm is a maximum over the R values available in the guide set.

The impossibility of defining a single CA that represents the continuous model
behavior is explained below. Choosing two time moments with the same tumor
radius (points P1 and P2 in Figure 2), similar CA configurations are expected in
both cases. Then since the cellular automaton is a memoryless system (no time
variable or history can be present), it is not possible to distinguish between both
states, in order to determine when it should grow or when a reduction should take
place, since the next state of any CA only depends on its previous state.

In response to the need of having the tumor growth process representation in
this case, a solution based on the use of two cellular automata is proposed. Having
a sequence of the (Ri , v(Ri )) pairs ordered by i , the sequence is divided into two
subsequences. The first is the sequence s1 that starts with (R0, v(R0)) and ends
with (Rm, v(Rm)); the second sequence s2 contains the rest of the radius-speed
pairs up to the last (see Figure 2).

It was shown that a guide set like s1 can define an approximation to the positive
v function needed to define the rule (23). Another rule that reflects tumor reduction

1The assumption that v(R, t) ≥ 0 is relaxed here; i.e., the tumor may decrease with negative
values of v.
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is then required. In this sense, the following rule structure is proposed:

sc(t +1t)=
{

sc(t)− 1, X ≤ |v(Ri )|,

sc(t), X > |v(Ri )|.
(24)

This rule is applied to the tumoral cells with normal neighbors, where X is a
random variable with uniform distribution in (0, 1) and v(Ri ) is the evaluation of
the radius Ri from s2 that is closest to the radial coordinate of the cell r .

Finally, the complete model is defined as an ordered pair (A1, A2), where:

• A1 corresponds to the first of the two automata, with stochastic rule (23), and
guide set s1 and

• A2 corresponds to the second automaton, with its initial state being the final
state of A1, stochastic rule (24), and guide set s2.

4.3.3. Rule definition summary. To summarize, a new stochastic model of tumor
growth obtained from a differential equation system is provided. A random variable
X with uniform distribution in (0, 1) is considered. If a closed-form expression of
the growth speed v in the tumor border can be found, then the following rule is
defined:

sc(t +1t)=
{

sc(t)+ 1, X ≤ v(r),
sc(t), X > v(r),

where v(r)= (cosh r)/(sinh r)− 1/r − εr/3 and r =
√

i2+ j2 is the radial coor-
dinate of the cell c in the lattice.

If a closed-form expression for v cannot be found, then a guide set is defined as
a collection of pairs (Ri , v(Ri )) ordered by the time moment at which the approx-
imation is made. If v ≥ 0, then the following first CA rule can be applied to the
normal cells with at least one tumoral cell in its neighborhood:

sc(t +1t)=
{

sc(t)+ 1, X ≤ v(Ri ),

sc(t), X > v(Ri ),

where v(Ri ) is the evaluation of v at the radius Ri from the guide set that is closest
to the radial coordinate of the cell r . We remark that this rule is applied to the cells
with tumoral neighbors and, in particular, to the cells on the border of the tumor,
where r ≈ R.

If v < 0, then a second CA rule is applied to the tumoral cells with normal
neighbors:

sc(t +1t)=
{

sc(t)− 1, X ≤ |v(Ri )|,

sc(t), X > |v(Ri )|,

where, once again, v(Ri ) is the evaluation of v from the guide set at the closest
point to the radial coordinate of the cell r .
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5. Results

One important issue in any model is the validation of its consistency with the orig-
inal phenomenon or another reference model. In this case, a comparison between
the behavior of the discrete CA model described above and the continuous model
is provided.

In this section, experimental results are discussed for all three cases of tumor
growth: without stress dependence, with stress dependence and strictly increas-
ing tumor radius, and with stress dependence and a tumor radius that has a strict
extremum.

The CA model described above was implemented using the C# programming
language on an Intel Core i7 machine, with a 2.0 GHz processor and 16 GB of
random-access memory. All executions were very fast, taking a few seconds of
running time.

Common values of the parameters ε = 0.1, R0 = 1, and E = 64.0439 were fixed
in all computations. An important clarification is that the tumor radius value in
the cellular automaton is computed as the average between the tumoral border cell
distances to the center of the tumor.

5.1. Tumor growth without stress dependence. In the case where η1= η2= 0, the
stresses are not taken into account in the mathematical model. Then the cellular
automaton with rule (22) behavior is compared with the continuous differential
equation model. The results are shown in Figure 3.

t

R

Run 1
Run 2
Run 3
Theoretical model

0

5

10

15

20

25

30

0 10 20 30 40 50 60 70 80

Figure 3. Graphic illustrating the evolution of the tumor radius
with time, case without stress dependence. Comparison between
several runs of the discrete CA model and the continuous (red line)
model. The continuous model is obtained from (21), as a particular
case of the model defined by (16)–(19).
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Figure 4. Graphics illustrating the evolution of the tumor radius
with time, cases with stress dependence when the tumor radius
is strictly increasing (top) and when the tumor radius has a strict
extremum (bottom). Comparison between several runs of the dis-
crete CA model and the continuous (red line) model.

The radius-time dependence graphics are similar and close to each other. A
small difference between them is due to the dissimilar nature of the models.

5.2. Tumor growth with stress dependence. Similar experiments are performed
in the case of stress-dependent tumor growth. Results are shown in Figure 4.

The case where the tumor radius is a strictly increasing function is obtained with
γθ =

1
3 and η1 = 0.004 (Figure 4, top). A cellular automaton with rule (23) is used.

The case where the tumor radius has a strict extremum is obtained with γθ = 1
10

and η1 = 0.002 (Figure 4, bottom). In this case, two cellular automata with rules
(23) and (24), respectively, are used.
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Figure 5. Visualizations of the CA tumor growth for time mo-
ments 0, 10, 20, 30, 40, 50, 60, and 70, respectively.

In both cases, close radius-time dependence graphics are observed. Stabilization
of tumor radius growth is detected in the strictly increasing function case (Figure 4,
top) in all runs. An excellent degree of proximity is achieved in the strict extremum
case (Figure 4, bottom) with two cellular automata.

5.3. Tumor growth visualization in time. An example of the tumor growth visual-
ization is shown in Figure 5. It corresponds to the case without stress dependence
described in Section 5.1.

In particular, we notice an exponential, fast growth at the beginning, followed by
an asymptotic behavior when the radius of the tumor stabilizes around a constant
value. Further visualizations are not shown due to their similarity with those corre-
sponding to t = 60 and t = 70. There is almost no change when the running time is
increased because of the strong convergence of the tumor radius in the CA model.

This corresponds to the stability results obtained in Section 4.3.1 and shown in
Figure 1, where the radius increment function has a zero at a radius value slightly
below 29.

5.4. Dispersion of the executions. Finally, the dispersion of computational execu-
tions is evaluated. As an example, the case without stress dependence is considered,
whose visualizations were shown in the previous section. Firstly, the average exe-
cution is computed as a sequence of averages of tumor radius values obtained from
100 CA model runs, for each time step. The resulting graphic is shown in Figure 6.
It compares the CA average execution with the continuous model: both functions
are very close to each other.

Figure 7 displays the coefficient of variation. Most of the chart is below the
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Figure 6. The blue line shows average values of the tumor radius
variable over 100 CA model runs. Each point is obtained as the av-
erage of 100 tumor radius values obtained at that moment of time
by 100 independent executions of the cellular automaton model.
The red line shows the continuous model obtained from (21) as a
particular case of the model defined by (16)–(19).
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Figure 7. Values (in percent) of the coefficient of variation of the
tumor radius variable for the CA model. Each point is obtained
from 100 tumor radius values reached at that moment of time by
100 independent executions of the CA model.

20% line, indicating small variations of the tumor radius. Larger variations are
observed only near the start of the executions. This shows a stable behavior of the
computational model beyond its stochastic nature.
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Conclusions

A new stochastic cellular automata model for the process of tumor growth is pro-
posed. From a linear elasticity deterministic continuous tumor model described
in [Ramírez-Torres et al. 2016], a neighborhood structure and stochastic automata
rules are deduced. The results allow one to visualize the growth process described
in the continuous model in a more realistic manner since tumors are neither regular
nor perfectly circular. Moreover, stress influence in the growing of the tumor is
taken into account at the time when the rules of the CA model are derived. The dif-
ferences in the tumor radius between the two models are small and are actually due
to their different nature. Validation tests confirmed that the CA model accurately
captures the hypothesis of the described phenomena. The methodology exposed in
this work can be applied to other continuous DE models in order to represent the
growth processes in a nonidealized and nondeterministic way.
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