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Optimal Solutions for Fault-Tolerant Topology
Control in Wireless Ad Hoc Networks

Renato E. N. Moraes, Celso C. Ribeiro and Christophe Duhamel

Abstract—Topology control is one of the most important of power dissipation in wireless networks [1]. Instead ahs-
techniques used in wireless ad hoc and sensor networks to reducemijtting with maximum power, the topology control algorithm
energy consumption. Algorithms for topology control attempt to adjusts the transmission power of each node.

reduce the number of links and the power consumption in a Th IS0 | ina fault-tol . s, d
network subject to connectivity constraints. We show that the ereé are also Increasing fault-folerance requirements,

related optimization problems may be classified into four main t0 the evolving critical application domains and to the é&rg
variants, regarding the topology of the input graph (symmetric or nhumber of failures that may result from mobility, fading or

asymmetric) and of the solution (unidirectional or bidirectional).  gbstructions [2]. A connected graph is usually assumedes th
We present three mixed integer programming formulations for . inimum connectivity requirement by the algorithms rumgnin

the k-connected minimum power consumption problem, which . = . .
consists in finding a power assignment to the nodes of a wireless'" different layers of the network, such as routing prote¢8.

network so as that the resulting network topology bek-vertex However, if there is only one path between a pair of nodes,
connected (i.e.k-fault tolerant) and the total power consumption failure of a single node (or link) between them will result

be minimum. These formulations are sufficiently general to in a disconnected graph. Therefore, topologies with mieltip

encompass all four problem variants. We report computational  5jiemative disjoint paths between any pair of nodes arenoft
experiments comparing the formulations. Optimal solutions for required [4]
| .

moderately sized networks are obtained using a commercia L
solver. The transmission graphG(p) = (V, E(p)), where E(p) =

: > i i -
Index Terms—Wireless networks, ad hoc networks, topology {(u,0) Léeffvvv € V,pu _de(U,U)} Is sald to _bt(]ik vertex
control, k-connectivity, fault tolerance, energy consumption op- CONNected if for any two nodes v € V' there existk vertex-

timization, mixed integer programming. disjoint paths connecting to v. In other words, the graph
G(p) is k-vertex connected if it remains connected after the
removal of any subset of up fo— 1 vertices. Since &-vertex
connected graph is algoedge connected, but the converse is
N ad hoc networlconsists of a collection of transceiversnot necessarily true, we say that a graplkisonnected if it
in which a packet may have to traverse multiple consefs k-vertex connected.
utive wireless links to reach its destination. They haveobez ~ Given the node sel/, non-negative arc weights(u,v)
an increasingly common and important object of study due for any v,v € V, and a parametet > 1, the k-connected
their applications in battlefield communication, disastdief minimum power consumption probletonsists in finding an

I. INTRODUCTION

communication, and sensor networks, among others. optimal assignment of transmission powers V. — R+ to
Ad hoc networks can be represented by a $etof every nodeu € V, such that the total power consumption
transceivers (nodes), numbered, . .., [V|—1, together with 3 . p, iS minimized and the resulting transmission graph

their locations or the distances between them. A transarissiG(p) = (V, E(p)) is k-connected. This problem was proved
power p, is associated with each node € V. For each to be NP-hard fork = 1 in [5]. Calinescu and Wan [6]
ordered paifu, v) of transceivers, withi, v € V, we are given established its NP-hardness fbr= 2. Since theminimum

a non-negative arc weightu, v) such that a signal transmittedcost k-connected spanning subgraph probisnknown to be

by the transceiver, can be received at nodeif and only if NP-hard even fok = 2 [7], the k-connected minimum power
the transmission power af is at least equal te(u,v), i.e. if consumption problem is conjectured to be NP-hard as well [8]
Py > e(u,v). for any positive integek.

Wireless networks face a variety of constraints that do notOnly one specific variant of thé-connected minimum
appear in wired networks. Nodes in a wireless network apewer consumption problem has been tackled to date by
typically battery-powered, and it is expensive and sometimexact integer programming approaches, and this for the par-
even infeasible to recharge the device. We focus on radioular case wherés = 1 (i.e., only a connected graph is
power consumption, since radios tend to be the major souregjuired) [9, 10, 11]. In this work, we present mixed integer

programming formulations that apply to all variants of the
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of the solution (unidirectional or bidirectional). Thredxed a communication link to enforcé-connectedness it is
integer programming formulations are proposed in Sectibn lwithin the transmission range of and u is also within the
Comprehensive computational results illustrating theabelr  transmission range af. In this case, the arc set considered to
of the integer programming formulations are reported armhforce the connectivity constraints in the transmissi@aph
discussed in Section V. Concluding remarks are made in t6¢p) = (V, E(p)) is restrained tdB(p) = {(u,v) : u € V v €

last section. V,pu > e(u,v),py, > e(v,u)} € E(p). The bidirectionalk-
connected minimum power consumption problem is also NP-
II. SYSTEM MODEL hard [6, 16, 17, 18].
We are given a sel/ of transceivers, with|V| = n,

equipped with an omnidirectional antenna which is respmasi I1l. PREVIOUS WORK

for sending and receiving signals. An ad hoc network is We may consider four versions of theconnected minimum
established by assigning a transmission powgrto each Power consumption problem:
transceiven, € V. o Symmetric input with unidirectional topology,
Each node can (possibly dynamically) adjust its transngitti  « Symmetric input with bidirectional topology,
power, based on the distance to the receiving nodes and om Asymmetric input with unidirectional topology, and
the background noise. In the most common power attenuatiors Asymmetric input with bidirectional topology.
model [12], the signal power falls with/d®, whered is the
distance from the transmitter anrdis the path loss exponent ; ; P
(typical values ot are between 2 and 4). Under this model, thé' Symmetric In.put Wlth Unldlrectlona.l ToPolqu
power requirement at node for supporting the transmission 1h€ Symmetric version of the minimization of power

through a link fromu to v is given by consumption while establishing a unidirectioriatonnected
transmission graphk(= 1) was proved to be NP-hard by Chen
Du > d5y-Qu, (1) and Huang [5], who presented a 2-approximation algorithm

ased on minimum spanning trees. Kirousis et al. [19] gave
F]O(n4) dynamic programming algorithm for the case where
the nodes are co-linear, proved that the problem is NP-tmard i

. . . b
whered,, is the Euclidean distance between the transmntg
u and the receiver, andg, is the receiver’s power threshold

for S|gr]1_al de(;e;;ﬂon, P:Nh'Ch IS ugua_lly norma_llzed ]EO ﬁ the three-dimensional Euclidean space, and describecthe s
We first define thesymmetric inputversion of the k- o 555r0ximation algorithm based on minimum spanning trees

connected minimum power consumption problem. In thigq, oresented in [5]. Clementi et al. [20] gave a reduction

case, we assume that the power requirement (also referﬁ‘?gving that the same problem is also NP-hard in the two-
to as the weight of ar¢u,v)) for supporting a transmission §iensional Euclidean space

between nodes andv separated by a distanak,, becomes Calinescu and Wan [6] discussed algorithms for the sym-

e(u,v) = e(v,u) = dy,. Although the symmetric Version is ,tic input with unidirectional topology version of the- bi
widely accepted as reasonable, equation (1) holds only fr%nnected K = 2) minimum power consumption problem

free-space environments with non-obstructed lines oftsigh | astaplished its NP-hardness. They also described a 4-
It does not consider the possible occurrence of reﬂeCtio'jcﬁJproximation algorithm for the problem

scattering, and diffraction caused e.g. by buildings andites. Shpungin and Segal [21] addressed the symmetric input

In practice, power requirement values for two nodeand i ynidirectional topology version of the-connected min-

v may be _asymmetric because of many reasons. For examplg, power consumption problem in wireless ad-hoc net-
asymmetric arc weights can be used to model batteries With.s “They presented an exact solution method for radio
dllfferenkt‘ power levels ,[13]| an<|:i hefterhogenepus nodes [14lyyorks with uniformly spaced nodes on a line and provided
Also, the ambient noise levels of the regions containings: constant factor approximation algorithms for the more
the two nodes may be different [15]. Therefore, we alsganera| case of linear networks. They also gaveCHh?)-

study the g more generaisymmetric inputversigln of th%k' approximation algorithm for the planar case. Carmi et &] [2
connected minimum power consumption problem. Under thigeenteq a polynomial-timé (k)-approximation algorithm

model, there may be pairs of transceivers € V' such that based on minimum spanning trees for the two dimensional

e(u,v) # e(v, ). _ instance of the samk-connected problem version.
Communication from node: to nodewv will be enabled

wheneverp, > e(u,v). Therefore, the transmission graph . o

associated with a power assignment to each transceiver B- Symmetric Input with Bidirectional Topology

u € V is defined as the direct grafgh(p) = (V, E(p)), where  Although implementing wireless unidirectional links iste

E(p) = {(u,v) :u € Vv € V,p, > e(u,v)}. nically feasible [23], and imposing the requirement of syeam
Two different graph topology structures may be used toy incurs in a considerable additional cost, the advantzfge

enforcek-connectedness. Inumidirectional topologyall arcs using unidirectional links is questionable. There is a po&t

established by the power settings in the transmission grdion packet loss and error in realistic networks, and thus

G(p) = (V, E(p)) are considered to enforce the connectivitacknowledgments and retransmissions are required [5fefhe

constraints. In didirectional topology the bidirectional edge fore, to improve the network performance, link bidirectitity

[u,v] (instead of the unidirectional artu,v)) is used as is implicitly assumed in many routing protocols [24]. Main
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and Das [25] have shown that the overhead needed to haralléree. Caragiannis et al. [30] also obtained @flogn)-
unidirectional links in routing protocols outweighs thenbéits approximation algorithm.
that they can provide, and that better performance can beNang et al. [31] presented an approximation algorithm for
achieved by simply avoiding them. the the asymmetric input with bidirectional topology versi

The minimum power consumption problem with bidirecef the k-connected minimum power consumption problem.
tional 1-connected subgrapl & 1) from symmetric inputs The algorithm has an approximation factor @{k + A~),
was proposed in [16, 17], where it is proved to be NPwhere A~ is the maximum out-degree of a minimum power
complete. Blough et al. [16] gave asymptotic bounds on tleoutconnected subgraph, i.e., a subgraph witiode disjoint
solution cost for random instances and for the so cdlled)) paths from the root node to every other node.
Euclidean instances. Cheng et al. [18] showed the impogtanc
of the problem in the case of sensor net\/\_lorks, prove_d its NB- Asymmetric Input with Bidirectional Topology
completeness, and proposed two approximate algorithms. ] ) ) N

The 2-approximation algorithm in [19] solves the symmetric Althaus et al. [9] obtained an inapproximability result
version of the minimum power consumption problem witi/ithin @ factor of O(logn) for the asymmetric version of
bidirectional 1-connectivity. Calinescu et al. [17] pushed thdh€ Didirectionall-connected minimum power consumption
approximation ratio of the latter to beloivby exploiting sim- Preblem & = 1). Caragiannis et al. [30] developed an
ilarities with the minimum Steiner tree problem. In partay ©(1-351n7)-approximation algorithm for the same problem.
they gave a fully polynomiaF /4 + ¢ approximation schemeA slightly inferior O.(ln n).-apprommaluon algorlthm has been
and a more practical 15/8 approximation. These approxanatindependently obtained in [13] by different techniques. .
factors have been improved by Althaus et al. [9]5(8 + ¢ There seems to be no furth_er results for the asymmetrlc
and 11/6, respectively. They also gave an exact brancteand-Yersion of the k-connected minimum power consumption
algorithm based on a new integer programming formulatioRroblem with bidirectional and unidirectional topologyr fo
Another exact algorithm was presented in [10]. Das et al} [1@ > 2. . i . i
developed a mixed integer programming model for the prob_The algorlthms dls_cussed untl_l now are _centrallzed ap-
lem with sectored antennas, presented a centralized tieuriBroaches, mainly designed to static ad hoc wireless neswork
based on Kruskal's algorithm for the minimum spanning treENeir major advantage is the fact that they have provable
problem, and discussed a simple branch exchange heudsti@pProximation factors. Distributed algorithms for energy
improve the topology generated by the Kruskal-like alduorit efficient power assignments can be found in [32, 33, 34, 35,

Lloyd et al. [26] studied the symmetric input with bidirec-36]- Non-centralized algorithms have the clear advantedge o

tional topology version of the biconnected minimum powd?€ing localized. However, the power consumption assigisnen
consumption problemi{ = 2). They gave an algorithm of the resulting solutions can be arbitrarily worse thanstho

with approximation ratio of at mos2(2 — 2/n)(2 + 1/n). ©f the optimal solutions [27].

Calinescu and Wan [6] proved it NP-hardness and developedn the following, we present three mixed integer program-
a 4-approximation algorithm. ming formulations for the four variants of the-connected

For the case of general values bf algorithms with an minimum power consumption problem, together with com-

approximation factor ofO(k) for the symmetric input with putational results obtained v_vith a (_:ommercial intege.r pro-
bidirectionalk-connected minimum power consumption probdr@mming solver. The more interesting fault-tolerant case
lem were presented in [27]. This approximation factor waractice, corresponding fo= 2, is investigated in more detail.
improved fromO(k) to O(log*n) in [28]. Jia et al. [8]

presented, among others result8ksapproximation algorithm IV. INTEGER PROGRAMMING FORMULATIONS

for k > 3 and a6-approximation fork = 3. Das and Mesbahi | this section, we give three mixed-integer programming
[29] proposed a heuristic procedure applying an algebrgigp) formulations based on multicommodity flows for the
view of graph ConneCtiVity, defined as the second Small%konnected minimum power Consumption prob|em, where
eigenvalue of the Laplacian matrix of a graph. is the required number of node-disjoint paths between any
pair of vertices. The reader is also referred to [37] for &mi
formulations for a class of single commodity network design

C. Asymmetric Input with Unidirectional Topology Joet
optimization problems.

While the symmetric version of the-connected minimum
power consumption problem has received significant atienti ]
in recent years, only a few approximation algorithms hawanbe” Continuous Power Model
proposed for the case with asymmetric power requirements. A simple, naive way to formulate th&-connected min-
Krumke et al. [15] considered the asymmetric versioimum power consumption problem consists in definihg
of the unidirectionall-connected minimum power consumpcommodities with a unit demand which have to be sent
tion problem ¢ = 1). They showed that af)(logn)- from each of the|V| nodes to every one of the remaining
approximation algorithm cannot exist unlef® = NP |V| — 1 nodes. Such a formulation would therefore involve
and presented af(log n)-approximation algorithm. Indepen-%|V|(]V|—1) commodities and would be very large. However,
dently, Calinescu et al. [13] achieved a similar approximd&aghavan [38] has shown in the context of the network
tion bound by an algorithm which incrementally constructdesign problem with connectivity requirements [39], that a
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min Zpi (2)
eV
subject to:

M= fi=Dui), VeeCVieV @)

jev lev
S f5<1, VeeCVieVii#o(e),i#d(c) (4)

jev

i €10,1}, Vi, j e V,Vee C (6)
pi 2 0, VieV (7)

Fig. 1. Continuous power model (CP).

more compact model can be formulated using-eonnected
undirected requirement gragh’ = (V, E¥) with a minimum
number|E*| = [k|V'|/2] of edges [40] built as follows:

. If k is even, there is an edde, j] in E* for i,j € V
whenever(i — j) mod |V| < k/2.

o If kis odd and V| is even, first build graplé=*—!. Next,
obtain E* from E*~! by adding to the latter, edgés i+
[V|/2] fori=0,...,|V]|/2.

« Otherwise, build graplz*—! and obtainE* from E¢—1
by adding to the latter, edgés, (|V|—1)/2)], [0, (|[V]|+ _ , o - -
1)/2) andli,i+ (V] +1)/2) fori = 1., (VI=1)/2. 582, A O o o o = o 1,55 and
The setC' of commodities is built as follows. Lef, j] be Ti = {b}, T2 = {e,d}, T3 = {e}, T4 = {f}.

any edge inE*. If the problem calls for an unidirectional

topology, then create one commodity from nodéo j and )

another from nodej to i, both with a demand of units. the powerp; assigned to node s_hould be at least as large

Otherwise, create only one commodity between nadmsd; s the requirement(i, j). Constraints (6) and (7) express the

with a demand of units, arbitrarily choosing any of them asintegrality and non-negativeness requirements on thabtes.

the origin and the other as the destination. This procedure¥Vhenever a bidirectional topology is sought, constraints

entails a multicommodity flow model for thé&-connected 4 N .

minimum power consumption problem with unidirectional pi 2 et ) I vijeV.veel ®

topology using only2-[%|V|/2] commodities, which is smaller are added, ensuring that an edgej] is used if there is flow

than k|V|(]V] — 1). The bidirectional solution uses half thefrom ¢ to j or from j to s.

number of commaodities as the unidirectional case.

For each c.ommod.ity c C, we represent_ by(c) its origin B. Discrete Power Model
and by d(c) its destination. For any nodé € V and any ) () L . _
commodityc € C, let D, (i) = —k if i = o(c), Do(i) = +k if Let P, = [p;,...,p; . ] be a fmﬁe list of increasing 1power
i = d(c), D.(i) = 0 otherwise. The discrete variabj¢; and levels that can be assigned to nade V. We denote by, the

the continuous variablg; represent, respectively, the flow of MNIMUM powerp; such that transmissions from nodeeach

commodity ¢ through arc(i, j) and the power assignment to®! I?ast one node ifr\ {i}. Furthermore¢(i) < |V'| —1 and
> pf forany ¢ = 1,...,¢(i) — 1. We defineS! as the

nodei. The binary variablef{; is equal to one if the argi, 5) P; ) !
is used by commodity for communication from nodéto 7, set of nodes reachable from nodwith the power assignment

zero otherwise p; = pt, forany ¢ = 1,...,¢(i), as illustrated in Figure 2.
: (=6(i) o _ : :
The mixed integer program CP defined by the objectiWye remark that/,_;""S; = V'\ {i}. For ease of notation, we

function (2) and constraint$3)-(7) presented in Figure 1 is adefineS, = 0. _ _ _

valid formulation for the unidirectional topology case twsth ~ The discrete variablg’y; is defined as before and repre-
the symmetric (i.ee(u,v) = e(v,u)) and asymmetric(u,v) S€Nts the flow of commodity: through arc(i, j). For any
not necessarily equal to(v, u)) versions of thek-connected ¢ = 1., (i), the binary variablev{ is equal to one if there
minimum power consumption problem. Constraints (3) afé @ Nodej € 57 such that ardi, j) is used for communication
the flow conservation equations. Inequalities (4) ensugieno from @ to j, zero otherwise. We defing(i) < {1,..., (i)}
disjointness. Inequalities (5) state that &igj) should be used such as thats;)~"| < k < |S/'”|. Then, for any node

if there is a positive flow through it. If ar@, j) is used, then 4, |Sf(”| gives the minimum number of nodes needed to
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(i)
min Z pr : wf ©)
eV =1
subject to:
S f=> fi=Deli), VeeCVieV (10)
jev lev
Z <, Yee C,\Vi eV :i#o(c),i# d(c) (11)
JEV
(i)
wi=1, VieV (12)
0=0(3)
wt=0, VieVl=1,...0i)-1 (13)
(i)
oo piwize(i,g)- [, VeeCVijeV (14)
C=max(¢'(4,5),£(1))
¢ €{0,1}, Vi,jeV,\¥eeC (15)
wfe{0,1}, VieVi=1,...,¢(i). (16)

Fig. 3. Discrete power model (DP).

establish thé:-connectivity requirement from node We also suffices to add constraints

define?'(i, j) = 1 if p! = e(i,j); £(i,j) € {2....,6()} if o
Pl O (i) < pt 09 e, pl 99 s the lowest power Z ool > e(i, §) - 15
) i = ) jir

level required to setup communication from naode ;. e mas(E ) )

Vee C\Vi,j €V (25)

) . ] __ensuring the existence of one arc in each direction.
The mixed integer program DP defined by the objective

function (9) and constraint$10)-(16) presented in Figure 3

is also a(lzlalid formulatiorsf fo)r (the) znidirectional tgpologyc' Incremental Power Model
case for both the symmetric and asymmetric versions ofLet Qi = [q},....q’""] be a finite list of successive cu-
the k-connected minimum power consumption problem. Coulative increments in the power setting that can be asdigne
straints (10), (11), and (14) in this formulation are the eanto nodei, for anyi € V. Furthermore, lefl} be the set of

as (3), (4), and (5) in the previous formulation, respetyive New nodes reachable from nodé an additional incremeng!

A node with a null power assignment cannot transmit or fois added to its current power assignment. With respect to the
ward any message. Since the transmission g@pH E(p)) notation defined in the previous sectiof}, = p;, T} = S},

is required to bek-connected, each node must be able @ =p! —p; ' andT} = S/ — S~ forany(=2,...,¢(i),
communicate with at leagt other nodes. Therefore, the powe@s illustrated in Figure 2.

assigned to each node must be enough to reach at leasthe discrete variablg;; represents the flow of commodity
the k closest nodes to it. Constraints (12) ensure that onethrough arc(i, j). The binary variabler{ takes the value
single power level is assigned to each node. Furthermoeg, tipne if there is a nodg e T such that(i, ) is used for
establish that this power level is capable to reach at léast t communication fromi to j, zero otherwise.

closest nodes. Constraints (13) complement constraig (1 The mixed integer program IP defined by the objective
setting to zero the power levels incapable of reaching,astje function (17) and constraint$18)-(24) presented in Figure 4
the k closest nodes. Since constraints (12) ensure that only ddealso a valid formulation for the unidirectional topology
single power level is assigned to each node, inequalitiéy (rase for both the symmetric and asymmetric versions of
state that only the power levels which are greater than tHe k-connected minimum power consumption problem. Con-
power requirement(i, j) are acceptable. Constraints (15) angtraints (18), (19), and (23) in this formulation are the sam

(16) express the integrality requirements. as (3), (4), and (5) in the first formulation, respectively.
Inequalities (20) state that! must be set to one if there is a

node;j € T} such that ardi, j) is used for communication

from nodei to j by commodityc. Constraints (21) enforce
This formulation gives an exact solution for the unidirec;»c;f”rl to be equal to zero if the previous increment was not
tional topology case. If a bidirectional topology is sought used, i.e. ifz! = 0. Constraints (22) set to one the incremental
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$(i)
minZqu : If 17
eV =1
subject to:
S f=> fi=Deli), VeeCVieV (18)
jev lev
Z <, Yee C,Vi eV :i#o(c),i # d(c) (19)
JEV
wl>fG, VieVNee CVie T =1,... 6(i) (20)
ittt <zt VieVie=1,...,¢04) -1 (21)
=1, VieVie=1,.. . 0% (22)
5 €10,1}, Vi, j € V,\Vee C (23)
zte{0,1}, VieV.l=1,...,¢0). (24)

Fig. 4. Incremental power model (IP).

powers necessaries to reach at least thelosest nodes of [10,30] nodes uniformly distributed in the unit square grid.
each node. Constraints (23) and (24) express the integralitfhe weight of the arc between nodeandv is set ag:(u,v) =

requirements. F-d; ,, whered, , is the Euclidean distance between nodes
Whenever a bidirectional topology is sought, it suffices tandv, the path loss exponentis set at 2, and” € [0.8,1.2]
add constraints is a random uniform perturbation. Symmetric instances were
’ . _ built from their original asymmetric counterparts by assig
Ti = Jir vieV, to edge[u, v] the highest of the weights amongu, v) and
Vee CVjeTfHe=1,...,6(i) (26) e(v,u). All generated instances are represented as complete

to ensure the existence of one arc in each direction. graphs. . .
An Intel Core 2 Quad machine with a 2.40 GHz clock and

In the above case, we notice that the power assigned to n%dgbytes of RAM memory running under GNU/Linux 2.6.24

1 must be enough to establish bidirectional links whenever a . .
bidirectional topology solution is sought. Inequalities was used in the experiments. ILOG CPLEX 11.0 was used as

the MIP solver with parallel features disabled.
x'j’-”zgcf—xfﬂ, Vi, jeVil=1,...,¢() -1,
m=1,...,0():i e T je T, |T{| =1 (27) A. First Experimentk-connected Solutions

In the first set of experiments, we compare the computation
times observed with the different models for different esu
of the parametek ranging from 2 to|V| — 1. Tables | and
Il show the computation times in seconds and the optimal
lution values for asymmetric and symmetric instanceh wit
nodes, respectively. Tables Il and IV show the same tesul
for instances with 20 nodes. All values in these tables are
zt > C o+ IS Vi e V,Ve e C, Everlfa:jge rgsults over c.)rr1]e hrun of fiftgen randomly generated

. y . uclidean instances with the same size.
VieTt=1,...,00). (28) Instances whose optimal solutions were not found by a

Every solution satisfying constraints (28) clearly alstis$ies given formulation within three hours of computations were
(20) and (26). In order to show that the reverse is also vad@, discarded. In this case, Tables | to IV display in brackeés th
have to prove that botlf; and f5; cannot be simultaneously number of instances exactly solved and used to calculate the
equal to one. This cannot be true, because otherwise thaverages for the respective formulation. Formulation CB wa
would be a cycle of commodity through nodes and ;. the only one which was not able to find optimal solutions

The IP model extended with the set of inequalities (2%yithin this time limit to both unidirectional and bidireotial
and (28) is referred to as thiecremental power bidirectional topology instances (see Tables | and 1I). The DP formulation

imply that the transmission power of nodes set to reach
node;j € T! as the farthest one, i.ef = 1 andz‘™ = 0.
They imply in the existence of the bidirectional edpigj].
Therefore, they enforce’" to be set to one, foi € T}".

We also can replace the unidirectional constraints (2?2
and (26) by the bidirectional constraints

model (IP-B). failed to find optimal solutions within this time limit for
k =9 andk = 11 in the case of unidirectional topologies
V. COMPUTATIONAL RESULTS (see Table 1Il) and fork = 11 in the case of unidirectional

Computational experiments have been carried out on a sgbologies (see Table 1V). Formulations IP and IP-B always
of random moderately sized asymmetric instances Withe found the optimal solution within three hours of computasio
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TABLE |

Unidirectional topology Bidirectional topology

Time (s) Optimal Time (s) Optimal

k CP DP P value CP DP IP IP-B value
2 (12) 2909.30 29.72 20.98 1.52 400.55 20.54 10.28 7.58 1.57
3 (7) 5056.50 76.20 34.44 2.30 2137.02 54.14 30.01 17.78 2.40
4 (3) 7640.35  103.22  37.0% 3.17 | (12) 2471.24 63.72 3438 17.12 3.27
5 (1) 8564.12  142.30  65.34 4.08 (9) 5309.48 85.43 39.08 27.16 4.22
6 (0)— 109.55 41.06 5.03 (4) 6766.61 81.92 34.02 23.14 5.18
7 ©) - 105.35 38.22 5.99 (7) 3906.37 76.01 35.36 22.08 6.18
8 ©) - 48.28 18.59 6.99 (1) 2871.09 39.46 20.28 12.71 7.20
9 0) — 19.16 11.17 7.93 (1) 5368.02 34.05 11.05 9.29 8.18
10 0) — 12.91 7.12 8.87 (2) 8209.58  16.96 7.19 4.7¢ 9.15
11 (1) 5580.70 6.03 2.44 9.91 (4) 5278.28  12.49 4.78 546 10.14
12 (3) 6391.45 7.23 1.59 10.91 (9) 4466.20 10.35 1.87 2.05 11.10
13 6.19 1.67 0.59 11.99 4.88 1.36 0.36 0.32] 12.10
14 0.23 0.33 0.23 13.06 0.15 0.28 0.16 0.12] 13.06

TABLE Il

COMPUTATION TIMES (IN SECONDS AND AVERAGE OPTIMAL SOLUTION VALUES: SYMMETRIC INPUTS WITH |V| = 15.

Unidirectional topology Bidirectional topology

Time (s) Optimal Time (s) Optimal

k CP DP IP value CP DP P IP-B value
2 | (12) 2298.42 27.04 1557 1.63 410.63 20.88 12.25 7.24 1.67
3 (5) 3052.69 64.11  21.4§ 247 1901.08 43.12 18.95 9.95 2.54
4 (1) 3414.39 76.32  29.53 3.40 | (12) 2616.42 5140 31.94 23.74 3.48
5 0) — 98.84  39.38 4.40 (7) 4621.02  75.22  33.20 19.5]1 4.49
6 (0)— 114.04 58.04 5.43 (2) 6286.75 81.15 3243 21.56 5.50
7 0) — 87.15  48.43 6.45 (2) 4644.15 57.77 26.90 21.4% 6.54
8 0) — 69.79  28.76 7.53 (2) 6841.71  43.20 2456 12.1 7.64
9 0) — 28.72  16.92 8.57 (0)- 4045 1236 12.17 8.67
10 0) — 16.51 11.01 9.62 (2) 4688.78  18.06 5.78 6.83 9.74
11 0) — 9.07 6.16 10.71 (6) 4997.13  13.08 3.79 3.78 10.78
12 (4) 3917.60 6.24 1.63 11.76 (6) 4975.63 9.66 1.43 159 1182
13 10.16 1.92 0.77 12.85 6.37 1.49 0.45 0.39) 12.89
14 0.19 0.31 0.20 13.85 0.14 0.24 0.13 0.11] 13.85

TABLE Il

COMPUTATION TIMES (IN SECONDS AND AVERAGE OPTIMAL SOLUTION VALUES: ASYMMETRIC INPUTS WITH |V‘ = 20.

Unidirectional topology Bidirectional topology

Time (s) Optimal Time (s) Optimal

k DP P value DP IP IP-B value
2 268.79 177.59 1.35 160.83 72.89 67.79 1.39
3 1090.84 779.51 2.08 | 1018.91 426.89  290.34 2.17
4 1828.26  1104.11 2.89 | 1458.10 671.47  420.07 2.98
5 1818.49  1479.14 3.73 | 1760.31 1051.78  641.6( 3.89
6 1757.40  1287.72 4.61 | 1263.74 680.89  562.87 4.82
7 1928.14 895.80 5.56 | 1579.53 626.97  391.3( 5.80
8 2067.12 720.45 6.48 | 1627.56 571.64  380.74 6.69
9 | (14) 1866.11 397.01 7.32 | 2047.16 598.10  473.43 7.65
10 1405.65 421.43 8.32 | 1609.07 377.42  269.88 8.63
11 | (14) 1326.30 317.64 9.23 | 2300.35 47391  388.87 9.68
12 952.18 208.39 10.37 | 1257.34 169.95  140.8( 10.71
13 412.91 122.25 11.38 | 1248.65 186.67  142.2% 11.76
14 158.40 65.66 12.42 377.77 44.29 51.74 12.74
15 107.51 36.71 13.45 131.35 36.26 24.10 13.78
16 79.16 30.06 14.47 140.39 35.86 32.85 14.80
17 45.10 8.65 15.66 73.56 5.45 5.78 15.91
18 11.50 3.34 16.79 9.34 1.97 1.59 16.92
19 1.24 0.73 17.92 0.98 0.50 0.38 17.92
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TABLE IV
COMPUTATION TIMES (IN SECONDS AND AVERAGE OPTIMAL SOLUTION VALUES: SYMMETRIC INPUTS WITH |V/| = 20.

Unidirectional topology Bidirectional topology

Time (s) Optimal Time (s) Optimal
k DP P value DP P IP-B value
2 277.16 179.02 1.46 226.05 54.82 47.26] 1.48
3 615.13 464.32 2.23 592.78 236.07 160.49 2.30
4 1200.44 732.42 3.09 | 1030.55 404.07 310.09 3.17
5 1564.31 1405.94 4.02 | 1645.62 779.98 649.54 4.13
6 1761.35 1154.83 498 | 1409.22 605.27 492.14 511
7 2042.92 795.34 5.97 | 1279.66 577.23 276.39 6.11
8 1933.01 499.87 6.92 774.83 325.02 309.0% 7.06
9 1440.98 524.45 7.92 | 1413.48 390.23 245.79 8.09
10 2031.82 495.39 8.95 | 164591 412.01  288.6Q 9.11
11 | (13) 1018.45 184.48 9.93 | 2196.05 356.81 291.59 10.21
12 1745.10 299.14 11.14 | 1094.11 234.45 181.34 11.33
13 986.46 187.22 12.24 | 1163.28 173.41 121.32 12.42
14 367.52 119.45 13.29 605.58 68.08 50.82 13.44
15 89.85 60.20 14.40 138.23 25.48 22.89 14.56
16 73.23 34.18 15.54 105.32 18.20 14.85] 15.68
17 58.82 16.18 16.74 85.87 8.92 13.00 16.83
18 1151 3.47 17.88 9.31 2.05 1.62 17.92
19 1.23 0.72 18.95 1.00 0.50 0.36 18.95
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(c) Symmetric input with unidirectional topology (d) Symmetric input with bidirectional topology

Fig. 5. Computation times foll/| = 15.
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TABLE V
14 j j j j j NUMBER OF INSTANCES SOLVED IN THREE HOURS OF RUNNING TIME FOR
EACH FORMULATION CP, DP, IPAND IP-B, WITH k = 2.
12 |+ i -
% ) B Unidirectional Bidirectional
Z 10r . ﬁ 1 lvi{cp DP IP|CP DP IP IPB
£ e 2| 10 15 15 15| 15 15 15 15
5 A 5
s 8 e 1 2| 15 12 15 15| 15 15 15 15
= 5 E| 20 0 15 15| 12 15 15 15
%_ 61 z | 2| 25| - 15 15| - 15 15 15
g 30 - 5 11 - 9 12 12
g 4+ i o 10 15 15 15| 15 15 15 15
% b bid | | ‘E;, 15 12 15 15| 15 15 15 15
Symmetric input with bidirectional topology —+—
2 L Symmetric input with unidirectional topology - 1 3 20 0 S 15 15 15
Asymmetric input with bidirectional topology - o | 25 - 15 15 - 15 15 15
o _ Asymmetric input with undirectional topology —= 30 _ 6 10 - 9 13 12
2 4 6 8 10 12 14
k
into the biconnected casé & 2), since it gives the smallest
Fig. 6. Optimal solution values fdi/| = 15 for k = 2,.. ., 14. fault tolerant minimum power assignments.

Tables | to IV show that all formulations become progre®- Second Experiment: Biconnected Solutions
sively harder to solve with the increasefinFigure 5 displays  The most important metric for performance evaluation is
the average computation times in seconds for increasingsalthe computation time taken by each formulation to solve
of k, according to the numbers in Tables | and II. This behavi¢® optimality the biconnected minimum power consumption
is explained by the growth in the number of variables, singgoblem. Table V shows the number of instances solved
the number of commodities is given | = k- O(|]V]) and by CPLEX using each model in less than three hours of
the number of constraints and variables | - O(|V|?). computation time. Cells in blank correspond to instancesyp
The computation times decreasekaacreases up tf/|—1. and sizes for which the weakest formulation CP could not be
In fact, the solution graph is fully connected for= |V|—1. applied.
In wired networks, the power assigned to nadshould be  Since some formulations do not solve all instances in three
greater than or equal te(i,u) + e(i,v) if both nodesu hours, the numbers in Tables VI and VIl are average results
and v should be reached by transmissions from nedén over all instances solved to optimality by all formulations
wireless networks, however, the power assignment should Bar each problem dimensiofi/| = 10, 15,20,25,30 and
greater than or equal tmax{e(i,u),e(i,v)} in the same each formulation, Tables VI and VII display the average
situation, which is possibly smaller tha(i, u) +e(i, v). This computation time in seconds taken by CPLEX, the average
reduction in the power that has to be assigned to each nadlative MIP gap M in percent between the first integer
with respect to wired networks is called théreless multicast solution found and the linear relaxation value at that time,
advantage[41]. Whenever the parametédr increases, each and the average relative duality gépin percent between the
node requests a greater power assignment to be able to ttanfinear relaxation value and that of the optimal integer goiu
through at leask arcs to ensure that-node disjoint paths The log-scale plots in Figure 7 summarize the results
exists. Therefore, the wireless multicast advantage eefoan in Tables VI and VII, regarding the behavior of the exact
increasing number of arcs to enter into the solution whenformulations in terms of their average computation timegmvh
increases, reducing the number of free decision varialiids ahe number of nodes increases from 10 to 30. These results
speeding up the solver. In particular, the unique, triealdible show that the CP formulation takes very long computation
solution tok = |V| — 1 consists in assigning the maximuntimes and is very difficult to be solved, becoming unprattica
power max;cv,j2i{e(i,j)} to each nodei = 1,...,|V|. forn > 15 (resp.n > 20) in the asymmetric (resp. symmetric)
The solver is very quick not only fok = |V| — 2 for case. The main drawback of this formulation is the inexisten
all formulations, but also fok = |V| — 3 in the case of of valid inequalities to further explore the wireless medst
formulations DP, IP and IP-B, because the solution of thekdvantage property. Formulations DP and IP are much stronge
linear relaxations in the root of the search tree is alreadyd lead to significantly smaller computation times and to
integer. linear relaxation values that are very close to those of the
All models are affected and benefit from the wireless multeptimal integer solutions, for every instance size.
cast advantage property. It is explicitly explored in fofation Formulation IP achieves smaller computation times and
DP by inequalities (12) and (13), and in formulation IP byecomes progressively better than DP with the increaseein th
inequalities (22). number of nodes. This is due to the fact that constraints (22)
Figure 6 presents the growth in the optimal solution valued formulation IP lead to the fixation of more variables to pne
for all types of test instances witly'| = 15 whenk increases, while contraints (13) of formulation DP allow the fixation of
according to Tables | and Il. The average power value alé®mwer variables to zero. In consequence, the solver is more
increases ak grows. In the next section, we focus our analysisffective for formulation IP than for DP, as illustrated thet
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TABLE VI
COMPUTATIONAL RESULTS OBTAINED WITH EACH FORMULATION(CP, DP, IPAND IP-B) FOR THE UNIDIRECTIONAL PROBLEM VARIANTS WITHk = 2

CP formulation DP formulation IP formulation

V| time(s) M(%) D(®%) | tme(s) M (%) D (%) | time(s) M (%) D (%)
L 10 51.73 84.67 61.69| 0.75 24.82 11.06 0.89 27.53 11.06
g 15 2909.30 92.98 68.87 23.72 35.49 13.75 16.20 43.60 13.75
; 20 - - - 268.79 61.67 13.40f 177.59 57.07 13.40
< 25 - - — | 3011.59 72.75 11.96 1563.94 66.93 11.96

30 - - — | 7186.82 77.04 7.47| 2837.09 64.58 7.47
© 10 41.02 83.88 61.73] 0.79 20.13 10.90 0.78 28.64 10.90
B 15 2298.42 92.09 68.72 23.48 33.21 14.23 16.03 40.62 14.23
é 20 - - - 277.16 61.20 12.80] 179.02 58.21 12.80
@ | 25 - - — | 2405.44 74.57 12.15 1600.28 76.05 12.15

30 - - — | 7009.86 89.04 11.51 4875.97 82.02 1151

TABLE VII

COMPUTATIONAL RESULTS OBTAINED WITH EACH FORMULATION(CP, DP, IPAND IP-B) FOR THE BIDIRECTIONAL PROBLEM VARIANTS WITHk = 2.

CP formulation DP formulation IP formulation IP-B formulation

4l tme(s) M%) D(®%) | tme(s) M%) D (%) | time(s) M (%) D (%) | tme(s) M (%) D (%)
L 10 10.83 80.07 58.16 0.83 25.45 8.93 0.87 30.22 8.93 0.47 25.48 7.51
g 15 400.55 91.67 66.75| 20.54 32.11 11.51 10.28 31.27 11.51 7.55 28.07 10.34
; 20 6878.64 94.61 68.74 141.12 40.45 9.40 62.69 45.37 9.40 66.61 72.26 8.10
< 25 - - — | 2357.44 55.05 9.20| 543.38 41.16 9.20| 298.53 63.73 7.71

30 - - — | 5393.10 53.16 5.42| 1983.42 38.05 5.42| 1351.98 56.92 4.56
© 10 9.52 80.18 58.61 0.63 24.48 8.54 0.73 19.44 8.54 0.48 23.61 7.25
g 15 410.63 91.02 66.65| 20.88 44.35 11.42 12.25 26.64 11.42 7.24 42.58 10.14
E 20 5837.51 94.75 94.75 226.05 56.60 9.62 54.82 33.69 9.62 47.26 52.80 8.27
@ | 25 - - - | 1679.72 49.74 9.05 703.74 37.10 9.05| 509.83 57.71 7.70

30 - - — | 5263.26 71.83 5.41| 2436.90 52.81 5.41 1373.72 82.79 4.20

better results reported in Tables VI and VIl for the averaggptimization problem in wireless ad hoc networks. All formu
relative gapM between the value of the first integer solutiomations are sufficiently general to encompass all four probl
found and the linear relaxation bound. variants. The formulations are also flexible enough to handl
The IP-B formulation for bidirectional solutions is obtath any value of the parametérassociated with the connectivity
by reinforcing formulation IP with inequalities (27) and8j2 requirements. Stronger formulations with tighter loweuibds
The computation times and the duality gapsobserved with were proposed for bidirectional solution topologies by the
formulation IP-B are improved with respect to formulatiorddition of valid cut inequalities.
IP, in spite of the slightly increase in the relative MIP gap All conclusions were supported by comprehensive computa-
obtained by CPLEX. The linear relaxation bound is improvedional experiments comparing the formulations. The nuoaéri
but the additional constraints lead to an increase in thesults showed that the more elaborate discrete formuoktio
objective function value of the first integral solution falin which explicitly incorporate the ad hoc multicast advaetag
and, consequently, to an increase in the relative bap as constraints, lead to much better computation times and
The results in Tables V, VI and VII also show that unidilinear relaxation bounds than the continuous formulation.
rectional topology problems are harder to solve. This can oderate-size problem instances with up to 30 nodes could be
explained by the number of commodities, since the numbgelved to optimality by commercial solvers. We are currentl
of commodities in the case of formulations for unidirectibn working on approximate algorithms based on metaheuristics
topologies is twice the number of commodities for bidiredor extending this limit and solving larger problem instasc
tional topologies. The exact formulations are also important in this contértes
they provide exact solutions and their linear and Lagrangea
relaxations give lower bounds that are useful to address and

VI. CONCLUDING REMARKS compare the behavior of such heuristics.
We have shown that the variants of the minimum power
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