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Basic Concepts

Consider G=(V,E) anon-oriented graph
and MI V.

Definition 1: (Neighborhood of vi V)
Ng[V] ={wT V| (wW)I E} U {v}

Definition 2: v iscontrolled by M1 V
U [Ng(V)CM]3 [Ng(V)I/2

Example

M

v4

Cont(G,M)

V6 v/

M defines a monopoly if Cont(G,M)=V



The Monopoly Verification Problem
MVP

Input:  Gi=(V,E1) and Gz=(V,E2) st.E:l E2 and
MI V

Question: $G=(V,E) st.E1l EI E2 and M ismo-
nopoly in G ?

OQutput: Yesor No

G=(V,E2)

Wefirst apply somereduction rules

Polynomial time ® é(min{ (n+m,)¥?,n”3(n+ mz)})

Makino, Yamashita, Kameda [2002]




The Monopoly Verification Problem




The Max-Controlled Set Problem

If the answer tothe MVP isNo!

l Cont(GM)® @

V2 vH

v4

NP-hard !!
MY K[2002]

v6 V7



A 1/2-Approximation Algorithm

for the M CSP
(Makino, Yamashita, Kameda [2002])

Begin
1. w,~ Compute|Cont(G,M)| by removing from
G2the edge set E2\E1

2. W,m Compute |Cont(G,M)| by adding to G1the
edge set E2\E1

3. Return z—= max{w,w,}

end.

Theorem: Thedeterministic MYK proce-
dure hasperformanceratio equal to 1/2
for the MCSP




Parameterized CSP

Input:  Gi1=(V,E1) and G2=(V,E2) suchthat E1l E2,
MI V.

Parameter: A>0

Question: $G=(V,E) st.E1l El E2 stM controls
at least A vertices?

Polynomial time ® Q(nA)
Open problem: The Parameterized CSP isFPT?

Note: Isthere any algorithm for the Parameterized CSP

with runtime
O(f(A).na) for somea >07?




New Reduction Rules

Optional

O Always controlled

O Never controlled
@ Freenodes




Randomized Rounding

(Raghavan& Thompson[1987])

Generic Procedure

X* <« Linear relaxation;

X < Linear (or nonlinear) rounding;
Pr(x, =1) = f(X));

Pr(x, =0)=1- f(x;) for j=1,..,n

X'« “Derandomize’ x';

end.

Randomized
d-approximation

A

= =+ Z® opt
?é T E(ZH)
S

T d.z

Objective function

Feasible set



A Linear Integer Programming
formulation for the MCSP

3L, if (L, )T E
1710, otherwise
IVIEn
z:maxgaé Z +
eiv @
o 80 o &0 .
agn g deongeta Y
stix =1, " (i,)1 E
x1{03, " (i.))1 E\E
tzi{om}, "ilvVv

y* ® valueof thelinear relaxation




Randomized Rounding Procedure

Algorithm 2: (Randomized MCS)

1. Z, = Apply the MYK deteministic procedure;
2. Solvethelinear relaxation and return x* and y*;

3. Using an “oracle’ choose ki (1,2];

4. Compute;

AK) = 2k(k - 1) +1+./4k(k - 1) +1

2(k - 1)2

5 If y* £A(k) do
Z, -~ Apply the Parameterized CSP and Stop
else

Pr(x; =1) = xIJ
Pr(x, =0) =1- x;
6. Compute Z, using theinteger solution X

7. Return z, ~ max{z,z)}

end.




Approximation Analysis- MCSP

Definitions. XijT {0,1}, for every (i,))
Zi=1, if il Viscontrolled by M
Zi =0, otherwise

o) .
ZH = a Zi . va;lue_oftherandomlzed
Ty solution

From our Randomized MCS algorithm and from
theL.P.relaxation:

212£ E(Z,) £ y*

Consider (w.l.0.0): i y*

m=E(Z,)=y*/b
for some b1 [1,2)

- meE(Z)

Problem: b =7 O 2/2




Approximation Analysis (cont.)

Consider a bad event

.

Bo E?ZH <Y 9 for somea>1
e a g

Then, Z+ definesa randomized 1/a-approximation so-

lution for the MCSP if B’ * A& (complementary event).

Question: How small a valuefor a can we achieve
while guaranteeing good eventsB’ 1 A ?

For our purposes, consider arandomized 1/u -appr ox.
algorithm for the MCSP for someal (b, k) with KE2.

. zY* $al (b,k) st B'L &?

Good y*
4 Am=Y .

event B M=% PrB)<1 U  Pr(B)>0

.

- © y*/a ..
Bad Pr(B) = Praz,, <Y 9=
eventB< T Zu (B) 8“ a g




Approximation Analysis (cont.)
Since: y*=bm

Pr(B) = Pra% AR+ Pra% < Pmo_ Pr(z, <(1-d)m)
a g a g

where: d =1- b/a >0

Theorem: Lower Chernoff-Hoeffding+Negative Association

Let Z1,Z2,...,Zn be negatively assotiated Poisson trials st,
for LEiI £n,Pr(Zi=1) = pi, where0O<pi< 1. Then, for

Z,=a .z, m=E(Z,)=a,p ad 0<dfl

we havethat:

Theorem: Therandom variables Zi, for all il V are negati-
vely associted




Negative Assotiation

Zi and Zj are negatively associated !!

E(Zi. Z))E E(Zi).E(Zj)

Pr(Z, =1) =Pr(X; =0)=1- xIJ
but
Pr(Z. :1|Zj =1)=0!




Approximation Analysis (cont.)

Thus, by thelower CH bound and assuming m> =

N | N>

1 1
exp((1- b/a).(m/2) ) exp((L- b/a).(z2/4)
1
“exp(d- b/a)(z/4)- exp/a) = (O

Pr(B) <

Question: $al (b k) for someb3 landk £2?

From (1):
(2- 2)a®- (2z2b)a +b?2>0, for some al (b, k)

Thevalues R —
a=R(Z- /22) and

e b(2+/22)
2-2 2-2

arerootsof equation:  (z- 2)a?- (2z2b)a +b?2=0.




Approximation Analysis (cont.)

Since, we are consideringa > b, it follows that:

zJ_r«/E>1 5 7+42

>1 for z>1.

(z- 1) (z- 1)
Then:
. b(2+4/Z
a =M \a’ b a” ‘ KE 2
z-1 | | >
with z- 2>0 /
a
In addition: a” <k, b=y*/mand m<y*. Then:
=Y @D oy y*(zJ’E)<E(ZH)<y*. (1

m(z- 1) k(2- 1)

Therefore, from (11):

A) y* (2+ ‘\/E) < y* b
K(Z- 1)

where:

_2k(k- 1)+1+./4k(k- 1) +1
- 2(K - 1)

AK)

Z+4z2<k(z- 1) for every z> AK).




Approximation Analysis (cont.)

B) a%+2+\/59y*:&2+“/59y*<E(z )
ék k(2- 2) 5 ék(z-z)g :
Now: _
2+.,/2y <2+AJZ for 2<y
k(y*-2) k(z- 2)
Finally:

* 0 70
B B2 2 e
k  k(y*-2) 5 k k(z- 2) g

Theorem: For agiven parameter k1 (b,2] with b=y*/m
the Randomized M CS procedur e has perfornance ratio
equal to:

1 2+./2y*

k+ Ky~ 2) for every y* > A(k)

where

2k(k - 1) +1+/4k(k - 1) +1

AK) = D

Problem: b =y*/m=? and k=7




Approximation Analysis (cont.)

Dagum, Karp, Luby and Ross [2000]

| ndependent experimentswith respect to Zx,
ensures, for agivendand e, an estimator m of m=E(Z)
within a factor 1+e and probability at least 1-d.

m(l-e m(1+e
( - ) m g ) . MEE(Z4)=?
Contruction of interval (b,k)
A
4 2
| *

_y” y* T k=minj2, ¢
m ) (1- e)m - % (1- e)mg

4 b=

+ 1




Approximation Analysis (cont.)

Summary:

Ratio ® 1100y for every y* > Ak)
k k(y*-1

2K(K - 1) +1+,/4k(k - 1) +1

with:  AKk) =

2(k - 1)?
k 1k A(k)
1Eb<kE2 | > : b=y
15 0.66 9 -
13 0,77 18,78
11 0.91 220
101 099 10201

Theorem: For y*=q(n) and k=2 we have a randomized
algorithm with performanceratio equal to

1 1+\f

22n

for n>4




Derandomization

Method of Conditional Expectations
(Spencer)

f(x)zéi c,x. ® Objetivefunction

j=1 (maximization)
A
= T Opt Deterministic
<1t __—"" solution
S
1 E(F(X)
+d.Otp d-approximation

E(f(x)) = E(f(x) % =1).Pr(x =1)+E(f(X) [ =0).Pr(x,=0) £
£ max{E(f(X)|% =1), E(f(X) | % =0}=E(f (x)|X,) £

j=1




Method of Conditional Expectations
Spencer [1987]

E(f(x)|xY =1 E(f(x)|x® =0)

Q Q
/ \\ ) \

/ \ / \
/ / \
1 \ 1 \

Sl

bad bad bad good bad bad good bad

How to walk down thetreeto a good leaf in deterministic
polinomial time?




A Derandomized Algorithm

From our L.I.P formulation:

[0} o . x o} o] O
Z,=aZ £amngl g (aij /n)xij - d (aij /Zn)xij +1z
iV 1Y IRY v [7/]

N— A
—

Yi

Lemma: Suppose X1 {0,1} and YT {0,1} arbitrary ran-
dom variables: Then:

E(min(X,Y)) £ min(E(X), E(Y))

Then:

E(Z,)= é E(Zi)Eé min?; a (a” /n)><} - é (a” /2n))<; +1§
i v i v ii M iTv

=8 E(Y) =4 min{17}=y*

itV 1RY

where E(X;) =X (111)

Notation:

x¥ o« X, for every(i,j)

X &« Xij =0or 1l




A Derandomized Algorithm (cont.)

From the method of conditional expectations:

E(zH)£maxi§1 E(Z | X®,., X&Y x0 =0);:§ E(Z | X®,.., X&Y xO =

lilv iTv

However, for every il V and ki {1,...,|E2\E1]}

E(Z [XD,.., X&) xK =0 or 1)=Pr(Z=1|X®,.., X&D x¥ =0 or 1)

Problem: Thevalues
Pr(Z=1]X®,.., Xt<1.x® =0 or 1)

are hard to compute!!

Lemma: Consider Zi and Yi as above. Then

E(Z | XD,...X*D x0 =1 or 0) 3 E(Z | XD,...,.X*D x¥=0 or 1)

ECY; | XD, X060 x®¥ =1 or 0) = E(Y; | XD,...,.XE&D xK=0 or 1)




A Derandomized Procedure

Begin
1. Z, - Apply the MYK deteministic procedure

2. Solvethelinear programming relaxation and
returny*;

3. If y*£4 then
Zu = Apply the Parameterized MCS and
Stop;
else
For k=1to |E2\E1| do
I E(Y; | XW,.. X&D x(0=1) 3
E(Y; | XW,... XK&D xW)=0) then
X =1
else
X & =0

Compute Z, using theinteger solution X
Compute: 7. - max{z,z}
4. Return Zsx;
end

Complexity —» O(n*, |E,\E,|n°L)




Conclusions

- 1f a good estimation of expectation isobtai-
ned in advance (randomized procedure)

/ *
1+1+—y fork £2

k k(y*-1)

- 1f y*=q(n) and k=2 (deter ministic procedure)

1, 1+4/n
2 2n-2

Future Directions
- Inapproximability results ?

- Randomized rounding using Semidefinite
Relaxation ?

- The Parameterized CSP isFPT?




