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Abstract The Cluster Editing Problem consists of transforming an input graph G
into a cluster graph (a disjoint union of complete graphs) by performing a minimum
number of edge editing operations. Each edge editing operation consists of either
adding a new edge or removing an existing edge. In this paper we propose new theoretical results on data reduction and instance generation for the Cluster Editing Problem, as well as two algorithms based on coupling an exact method to, respectively, a
GRASP or ILS heuristic. Experimental results show that the proposed algorithms are
able to find high-quality solutions in practical runtime.
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1 Introduction
The Cluster Editing Problem (CEP) aims at finding the minimum number of edge
editing operations that must be performed on a given input graph so that it becomes
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a cluster graph, i.e., a disjoint union of complete graphs. Each edge editing operation
consists of either adding a new edge or removing an existing edge. Figure 1 shows
an example where two edge additions (edges (2,7) and (4,8)) and two edge deletions
(edges (2,8) and (5,8)) transform an input instance (Fig. 1(a)) into a cluster graph
(Fig. 1(b)). The CEP was firstly studied in Sen Gupta and Palit (1979), and proved
to be NP-hard in Shamir et al (2004). Since then, several other works have studied
the problem in many different contexts: exact methods (Böcker et al, 2009; Dehne
et al, 2006; Rahmann et al, 2007), heuristics (Ben-Dor et al, 1999; Dehne et al, 2006;
Rahmann et al, 2007; Sharan et al, 2003; Wittkop et al, 2007) and parameterized algorithms (Gramm et al, 2005; Protti et al, 2009). An Integer Linear Programming
(ILP) formulation for the CEP was proposed in Grötschel and Wakabayashi (1989).
Later, a 4-approximation algorithm was developed for a very simple and intuitive formulation called MinDisAgree (Charikar et al, 2005). This problem has drawn much
attention due to applications in image processing and computational biology (BenDor et al, 1999; Hartuv et al, 2000; Jain et al, 1999; Milosavljevic et al, 1995; Sharan
et al, 2003; Tatusov et al, 2003; Wittkop et al, 2007), among other areas.
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(a) Instance.
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(b) Feasible Solution.

Fig. 1 Cluster Editing Problem: example.

Motivated by the large interest in the CEP, as well as its wide applicability,
we propose in this work new theoretical and algorithmic developments for the unweighted variant of the problem, where there are no weights associated with edges.
The main contributions of this work are: (i) theoretical results related to data reduction and instance generation; (ii) new GRASP- and ILS-based heuristics for the
problem; (iii) two algorithms consisting of coupling an exact method based on Set
Partitioning to the mentioned heuristics.
The remainder of this work is organized as follows. Section 2 presents the necessary notation, terminology and theoretical background. Section 3 states new theoretical results which are useful to understand instance behavior and improve algorithms.
The ILP formulation used to exactly solve instances is detailed in Section 4. In Section 5, a reduction rule is proposed based on the previous theoretical results presented
in Section 3; other reduction rules previously known in the literature and employed in
this work are also described. Sections 6 and 7 describe the proposed heuristics based,
respectively, on Greedy Randomized Adaptive Search Procedure (GRASP) and Iterated Local Search (ILS), while Section 8 explains the GRASP + Set Partitioning and
ILS + Set Partitioning approaches. A more detailed description of these heuristics
can be found in Bastos (2012). Section 9 discuss techniques for generating random
instances for the CEP and estimating the difficulty of these instances. Finally, Sec-
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tion 10 shows the experimental results, where both reduction rules and algorithms are
evaluated. Section 11 contains our concluding remarks.

2 Background
The graphs dealt with in this work are finite and simple. The vertex set and the edge
set of a graph G are denoted by V (G) and E(G), respectively. We assume V (G) =
{1, 2, . . . , n}. The set of neighbors of a vertex i is denoted by N (i), and the set of
non-neighbors of i by N (i); in addition, define N [i] = N (i) ∪ {i}. If j ∈ N (i)
then we say that ij is a non-edge of G. The subset of neighbors (resp. non-neighbors)
of i in a subset S ⊆ V is denoted by N (i, S) (resp. N (i, S)). If G is a graph and
V ′ ⊆ V (G), we denote by G − V ′ the graph derived from G by removing all vertices
of V ′ . A graph H is an induced subgraph of a graph G if V (H) ⊆ V (G) and the
following property holds: if ij ∈ E(G) and i, j ∈ V (H) then ij ∈ E(H). A clique
is a subset of pairwise adjacent vertices. A complete graph is a graph whose vertex
set is a clique. The disjoint union of graphs G1 , . . . , Gq is the graph with vertex set
∪qj=1 V (Gj ) and edge set ∪qj=1 E(Gj ). A cluster graph is a disjoint union of complete
graphs; the cliques that define the vertex sets of such complete graphs are called
clusters. An isolated vertex is a vertex with no neighbors. The distance between two
vertices i, j ∈ V (G), denoted by dG (i, j), is the minimum number of edges of a path
linking i and j in G. If there is no path linking i and j in G then dG (i, j) = ∞. The
diameter of a graph G is defined as diam(G) = max{dG (i, j) | i, j ∈ V (G)}. An
edge editing operation on a pair (i, j) of vertices of a graph G is an operation that
consists of either deleting edge ij (if ij ∈ E(G)) or adding edge ij (if ij ∈
/ E(G)).
In the former case it is an edge deletion, and in the latter edge addition.
For a graph G, CEP(G) denotes the CEP with input G. We say that G′ is a feasible
or candidate solution of CEP(G), or simply a solution, if V (G′ ) = V (G) and G′ is
a cluster graph. For two sets S, S ′ , denote S △ S ′ = (S \ S ′ ) ∪ (S ′ \ S). The
cost of a solution G′ is defined as cost(G′ ) = |E(G) △ E(G′ )|. In other words,
cost(G′ ) is the number of edges of G that are converted into non-edges of G′ , plus the
number of non-edges of G that are converted into edges of G′ . We define opt(G) =
min{cost(G′ ) | G′ is a solution of CEP(G)}. A solution G′ of CEP(G) is optimal if
cost(G′ ) = opt(G). According to this terminology/notation, the problem dealt with
in this work can be stated as follows: given a graph G, find an optimal solution G′ of
CEP(G).
The cost of a solution can be alternatively defined as follows. Given a graph G, the
cost of a vertex i ∈ V (G) relative to a subset S ⊆ V (G) is defined by cost+ (i, S) =
−
|N (i, S)|. Define also
Pcost (i,−S) = |N (i,
PS)|. The cost of a subset S ⊆ V (G) is
given by cost(S) = i∈S cost (i, S) + i∈S cost+ (i, V (G)\S). The idea behind
this notation is as follows: if a subset S induces a dense subgraph and defines a small
edge cut (S, V (G)\S) then cost(S) tends to be small. Note thatP
the cost of a solution
G′ formed by clusters C1 , . . . , Cq is given by cost(G′ ) = 12 qj=1 cost(Cj ). The
size of a solution G′ is denoted by |G′ | and is equal to its number of clusters.
Denote by Pn the graph consisting of a path on n vertices. It is a simple exercise
to show that G is a cluster graph if and only if G does not contain P3 as an induced

4

Lucas Bastos et al.

subgraph. The graph P3 is also called a conflict. Note that CEP(G) can also be stated
as follows: find the minimum number of edge editing operations that “solve” all the
conflicts. Let ijk be a conflict in G; it can be solved by either adding edge ik or
deleting one of the edges ij, jk.

3 Theoretical Results
In this section we present some new theoretical results that will be useful for our
discussions and algorithms. The first result (Proposition 1) says that vertices that are
at distance three or more in a graph G cannot be put in a same cluster in any optimal
solution of CEP(G). Algorithms may use this fact in order to limit the search space of
cluster assignment possibilities for the vertices, especially for sparse instances, where
considerable percentages of pairs (i, j) are expected to satisfy dG (i, j) ≥ 3. The
second result (Theorem 1) says that CEP(G) is still hard even when G has diameter
two, that is, when Proposition 1 cannot help to limit the search space of the problem.
Proposition 1 Let G be a graph and let i, j ∈ V (G) such that dG (i, j) ≥ 3. Then in
any optimal solution of CEP(G) vertices i and i belong to distinct clusters.
Proof. Let G′ be an optimal solution of CEP(G), and suppose by contradiction that
i, j belong to a same cluster C ⊆ V (G′ ) = V (G). Since i and i have no common
neighbors in G, cluster C can be partitioned as follows: C = C0 ∪ Ci ∪ Cj ∪ {i, j},
where:
C0 = {k ∈ C\{i, j} | ik, jk ∈
/ E(G)},
Ci = {k ∈ C\{i, j} | ik ∈ E(G), jk ∈
/ E(G)},
Cj = {k ∈ C\{i, j} | ik ∈
/ E(G), jk ∈ E(G)}.
Assume without loss of generality that |Ci | ≥ |Cj |. Consider another solution
G′′ of CEP(G), obtained from G′ by removing the subset of edges given by
E ′ = {jk ∈ E(G′ ) | k ∈ C\{j}}.
Note that j is an isolated vertex in G′′ . Now we compare cost(G′ ) with cost(G′′ ).
We analyze only edge editing operations involving pairs of vertices (k, ℓ) such that
{k, ℓ} ∩ {i, j} =
6 ∅ (note that other edge editing operations contribute the same
amount to cost(G′ ) and cost(G′′ )). Then it follows that
cost(G′ )−cost(G′′ ) = 2|C0 |+|Ci |+|Cj |+1−(|C0 |+2|Cj |) = |C0 |+|Ci |−|Cj |+1.
This implies that cost(G′ ) − cost(G′′ ) > 0, a contradiction.
Theorem 1 The Cluster Editing Problem is NP-hard even restricted to graphs of
diameter two.
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Proof. The proof consists of a reduction from the CEP for general graphs, proved
to be NP-hard in Shamir et al (2004). Let G be an instance with n vertices for the
CEP. We construct a graph G′ of diameter two such that opt(G) ≤ K if and only if
opt(G′ ) ≤ K + n. Define V (G′ ) = V (G) ∪ C, where C is a subset of n + 1 new
vertices, i.e., |C| = n + 1 and C ∩ V (G) = ∅. Choose a vertex c ∈ C and define
E(G′ ) = E(G) ∪ {ic | i ∈ V (G)} ∪ {c′ c′′ | c′ , c′′ ∈ C, c′ 6= c′′ }.
In other words, graph G′ is constructed by adding to G a clique C containing
a special vertex c linked to all vertices in G. Note that dG′ (i, j) ≤ 2 for all i, j ∈
V (G′ ).
Let H be a solution of CEP(G) satisfying cost(H) ≤ K. A solution H ′ of
CEP(G′ ) satisfying cost(H ′ ) ≤ K + n can be easily obtained by performing the
same edge editing operations as in H, plus n edge deletions involving pairs (i, c) for
i ∈ V (G).
Conversely, let H ′ be a solution of CEP(G′ ) satisfying cost(H ′ ) ≤ K + n.
We first construct from H ′ another solution of CEP(G′ ) with cost not greater than
cost(H ′ ), as follows:
(i) Let H1 be the graph obtained from H ′ by repeatedly applying the following operation, while applicable: if there is a clique D in H ′ such that
c 6∈ D, D ∩ V (G) 6= ∅, and D ∩ C 6= ∅
then remove the subset of edges {ij ∈ E(H ′ ) | i ∈ D ∩ V (G)), j ∈ D ∩ C}
(in other words, split D into cliques D1 and D2 such that D1 = D ∩ V (G) and
D2 = D ∩ C). Since all the edges removed in this step are not present in G′ , we
have cost(H1 ) ≤ cost(H ′ ).
(ii) Let H2 be the graph obtained from H1 by performing the following edge additions: if there are distinct cliques D1 , D2 , . . . , Dq in H1 such that Di ⊆ C for
i = 1, . . . , q, add the subset of edges {c′ c′′ | c′ ∈ Di , c′′ ∈ Dj , 1 ≤ i < j ≤ q}
(i.e., group all cliques Di into a single one). Since all the edges added in this step
are all in G′ , we have cost(H2 ) ≤ cost(H1 ).
(iii) Let H3 be the graph obtained from H2 by performing the following edge editing
operations: if c is in a clique D such that D \ {c} ⊆ V (G), remove all the
edges in the subset {ic | i ∈ D \ {c}}, and add all the edges in the subset
{cc′ | c′ ∈ C \ {c}}. Note that the edges added are all in G′ . In addition, in any
situation, the number of edges added in this step is greater than or equal to the
number of edges removed (if D \ {c} 6= ∅ then at most n edges are removed and
exactly n edges are added). Therefore, cost(H3 ) ≤ cost(H2 ).
After applying steps (i), (ii), and (iii) above, cost(H3 ) ≤ cost(H ′ ). Also, C is
one of the cliques in H3 , i.e., n edge deletions involving pairs (i, c) for i ∈ V (G)
are accounted for in cost(H3 ). Thus H = H3 − C is a solution of CEP(G) such that
cost(H) ≤ K.
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4 Mathematical Formulation
We briefly describe below the ILP formulation used in this work to solve exactly the
CEP, proposed in Charikar et al (2005). It relies on the simple fact that a graph G is
a cluster graph if and only if G does not contain the graph P3 (a path formed by three
vertices) as an induced subgraph. Recall that V (G) = {1, . . . , n}. For two vertices
i, j with i < j, let xij be a binary variable such that xij = 0 if and only if vertices i
and j belong to the same clique in a final solution.
minimize

X

xij +

i<j, ij ∈E(G)

X

(1 − xij )

(1)

i<j, ij ∈E(G)
/

subject to
xik ≤ xij + xjk ,
xij ≤ xik + xjk ,

xjk ≤ xij + xik
xij ∈ {0, 1}

for all i < j < k
for all i < j

(2)
(3)

Note that the objective function (1) minimizes the number of edges that are converted into non-edges plus the number of non-edges that are converted into edges.
There are O(n3 ) triangle inequalities (2) that eliminate the induced subgraphs isomorphic to P3 .

5 Reduction Rules
In view of Proposition 1, a new reduction rule can be applied in order to reduce the
search space of the CEP. In this work, we evaluate the impact of this rule for the exact
algorithm in Section 10.2.
Rule 1. If dG (i, j) ≥ 3 then set ij as a permanent non-edge.
A permanent non-edge is a non-edge that cannot be edited, that is, cannot be
converted into an edge of a solution. Permanent edges are defined similarly. Rule
1 is static, in the sense that it can be applied to graph G in a pre-processing step,
independently of previous choices of edge editing operations. For the integer linear
program (1)-(3), it implies to set xij = 1 permanently.
Rule 1 can be implemented to run in time complexity of matrix multiplication,
since the ij-entry of matrix (AG + I)2 is zero if and only if vertices i and j are at
distance three or more, where AG is the adjacency matrix of G and I is the identity
matrix.
Other well-known rules (Böcker et al, 2009; Gramm et al, 2005) have been employed in this work:
Rule 2. If i and j are true twins (i.e., N [i] = N [j]) then set ij as a permanent edge.
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Rule 3. If ij, jk are permanent edges then set ik as a permanent edge.
Rule 4. If ij is a permanent edge and jk is a permanent non-edge then set ik as a
permanent non-edge.
We remark that Rule 2 is also static and is equivalent to dealing with the S-vertices
in Protti et al (2009) or the critical cliques in Guo (2009). Rules 3 and 4 can be applied
either in a pre-processing step or at run time. In the latter case, for instance, they can
be applied at each node of a branch-and-bound procedure, and the result depends on
previous choices of variable values made in the current branch of execution.
In Section 10, the impact of these rules will be analyzed.

6 The Proposed GRASP Heuristic
GRASP (Resende and Ribeiro, 2003) is a multi-start metaheuristic for optimization
problems, in which each iteration basically consists of two phases: construction and
local search. The construction phase builds a feasible solution, whose neighborhood
is explored until a local optimum is found during the local search phase. The best
overall solution is stored as the result. In the remainder of this section, we describe in
detail the phases of the proposed GRASP.
The complete GRASP pseudocode is illustrated in Algorithm 1. Initially, the input
graph G and the maximum execution time tmax are taken as input in step 1. Next,
a solution is generated and defined as the best solution by applying the construction
procedure in step 2. In step 3, the control variable tstart is initialized. From lines 4
to 10, the GRASP iterations are performed. Note that the construction occurs in step
5, while the local search is carried out in step 6. If any improvement occurs, the best
solution is updated in step 8. Finally, if the maximum time is reached the incumbent
solution is returned in step 11.
Algorithm 1 GRASP pseudocode
1: procedure GRASP(G, tmax )
2:
G∗ ← construction(G)
3:
tstart ← time()
4:
while time() − timestart < timemax do
5:
G′ ← construction(G)
6:
G′ ← LocalSearch(G′ )
7:
if s(G′ ) < s(G∗ ) then
8:
G∗ ← G′
9:
end if
10:
end while
11:
return G∗ as output
12: end procedure
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6.1 Construction Phase
Given a graph G, the construction phase builds and evaluates, step-by-step, a feasible
solution of CEP(G). This evaluation is given by the sum of costs of edges edited
to transform G into this solution. As we will see, this is carried out in O(n2 ) time
complexity. We remark that only feasible solutions are considered as the final product
of the construction phase.
We have developed two greedy constructive heuristics: Relative Neighborhood
(RN) and Vertex Agglomeration (VA). The aim of these algorithms is to generate
distinct and relatively good solutions in limited computing time. Since the GRASP
construction phase consists of generating a new solution at each iteration, a construction algorithm is chosen randomly or cyclically.
6.1.1 Relative Neighborhood
The idea behind the RN heuristic is to fix the initial vertex of each cluster, and then
complete the cluster by choosing vertices that maximize the relative neighborhood.
First, a Candidate List (CL) is built by sorting all vertices i ∈ V (G) in decreasing order of |N (i)|. Next, the RN heuristic selects the first K vertices from CL to
be cluster seeds, i.e., each selected vertex is the first element of a new cluster Ci .
Let Kbest be the number of clusters associated to the best current solution. At each
iteration, the algorithm randomly
Kmin and Kmax ,
√ selects a value of K between √
where Kmin = max(Kbest − n, 1), Kmax = min(Kbest + n, n), and K =
rand(Kmin , Kmax ). Finally a new vertex j from CL is randomly picked and added
to one of the existing K clusters; the selected cluster Ci maximizes RN (j, Ci ) =
cost+ (j, Ci ) − cost− (j, Ci ). The process continues until CL becomes empty. At this
moment, the K clusters guarantee the feasibility of the constructed solution, since all
the edges connecting distinct clusters are removed and all non-edges inside a cluster
are converted into edges. The time complexity of the RN heuristic is O(n2 ).
6.1.2 Vertex Agglomeration
The VA heuristic is a variant of the RN heuristic, with two main differences. The first
one is the K cluster seeds are randomly picked in order to have more diversification. The second one is the remaining vertices are added according to the expression
V A(j, Ci ) = cost+ (j, Ci ) as an alternative to cluster construction. The time complexity of the VA heuristic is also O(n2 ).

6.2 Local Search Phase
After a solution is constructed, the local search phase is executed as an attempt to improve the initial solution. Three neighborhoods structures are proposed for the local
search phase: Cluster Split (CS), Empty Cluster (EC), and Vertex Move (VM).
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6.2.1 Cluster Split
P
In CS neighborhood, the cluster C with maximum value i∈C cost+ (i, V (G) \ C)
is split in order to improve overall solution quality. The splitting process consists of
selecting, as cluster seeds, two vertices i, j ∈ C that are non-neighbors in G such
that cost+ (i, C) and cost+ (j, C) are the largest over C. The remaining vertices in
C\{i, j} are allocated to the new clusters {i} or {j}, according to the number of
common neighbors. The time complexity to find the CS neighborhood is O(n2 ). In
Fig. 2, the cluster Ca is split into two new clusters, Cb and Cc .
Ca

Cb

Cc

Fig. 2 Cluster Split Neighborhood.

6.2.2 Empty Cluster
The idea of the EC neighborhood is to find a cluster C in with there are too many
original edges of G linking vertices in C to vertices in other clusters. In this case, a
good strategy is to eliminate C by transferring its vertices to other clusters.
the candidate cluster C, which is the one with maximum value
P After identifying
+
cost
(i,
V
(G)
\ C), each vertex i ∈ C is moved to another cluster C ′ ; the
i∈C
choice is based on values cost+ (i, C ′ ). This procedure terminates when C = ∅. The
time complexity to find the EC neighborhood is O(n2 ). In Fig. 3, the cluster Ca is
eliminated.
Cb

Cc

Ca
Fig. 3 Empty Cluster Neighborhood.

Cb

Cc
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6.2.3 Vertex Move
The VM neighborhood tries to obtain good solutions by doing vertex moves, as shown
in Fig. 4. Each move consists of removing a vertex from its original cluster and adding
it to the cluster that maximally improves solution quality. Since it is computationally
expensive to evaluate the new solution from scratch after each move (it takes O(n2 )),
an alternative evaluation when moving a vertex i from cluster C to cluster C ′ is done
by simply adding cost+ (i, C)−cost− (i, C)−cost+ (i, C ′ )+cost− (i, C ′ ) to the cost
of the previous solution. This evaluation is carried out in O(n) time. Since there are
|G′ | clusters in solution G′ , moving one vertex can be performed in O(n|G′ |) time.
Overall, the computation complexity of VM is O(n2 |G′ |).
Ca

Cb
Cc

Fig. 4 Vertex Move Neighborhood.

6.2.4 A Variable Neighborhood Descent Procedure
Instead of using a simple search strategy, it is interesting to explore the search strategies of the Variable Neighborhood Descent (VND) procedure (Hansen and Mladenovic, 2003). The basic idea of VND is to systematically change the neighborhood,
returning to the initial neighborhood when a better solution is found.
Algorithm 2 shows the pseudocode for the local search procedure. The algorithm
starts by obtaining a solution G from the construction phase and the set of neighborhoods N (step 1). In step 2, the ordering of neighborhoods is randomized (Souza
et al, 2011). In Penna et al (2013), computational experiments suggested that this
approach is capable of finding better solutions when compared to those that adopt
a deterministic order. Steps 4 to 12 perform the local search itself: a new solution
G′ is produced from the current neighborhood Nj in step 5. If solution G′ is better
than the incumbent solution G, the latter is updated and the neighborhood index j is
restarted. Otherwise, j is incremented to allow the next neighborhood to be selected.
This procedure ends when all the neighborhoods have been selected and no solution
update is performed. The incumbent solution is returned in step 13.

7 The Proposed ILS Heuristic
ILS is a metaheuristic framework that integrates constructive, local search and perturbation procedures (Lourenço et al, 2003) . In the proposed ILS heuristic, initial
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Algorithm 2 Local Search
1: procedure L OCAL S EARCH (G, N )
2:
randomize N
3:
j←1
4:
while j ≤ jmax do
5:
G′ ← Nj (G)
6:
if cost(G′ ) < cost(G) then
7:
j←1
8:
G ← G′
9:
else
10:
j ←j+1
11:
end if
12:
end while
13:
return G as output
14: end procedure

solutions are generated using the constructive procedure described in Section 6.1,
while local search is performed as explained in Section 6.2. Whenever a solution gets
trapped in a local optimum, a perturbation is applied over this solution.
The pseudocode of the proposed ILS is presented by Algorithm 3. The algorithm
gets as input a graph G, the maximum execution time, and the time interval to restart
the search from a new initial solution. Firstly, a local optimum G∗ is found (line
1). In lines 2 and 3, the best solution Gbest and the control variables tstart and t′ are
initialized. Next, from lines 5 to 18, the ILS iterations are performed. Each iteration is
composed by the following steps. A new solution is generated by randomly selecting
a perturbation mechanism, and a local search is applied (line 6) and the resulting local
optimum solution is stored in G∗∗ . If the value is better than the value of Gbest , then
an update is performed in line 8. The acceptance criterion is applied over G∗ to decide
from which solution the search should continue. (lines 10 and 11). This criterion is
greedy, i.e., G∗ is only accepted if its value is better than the previous one. Finally,
the method is restarted if it has not been updated within a fixed time period tr estart
(lines 14 and 15). The best solution generated by the algorithm is returned (line 19).
In the following subsections, we present the perturbation mechanisms proposed
in this work. The worst-case time complexity of all of them is O(n2 ).

7.1 Random Cluster Change
Random Cluster Change (RCC) is a simple and straightforward perturbation. Given
a solution G∗ , RCC consists of selecting a vertex i ∈ V (G∗ ) and transferring it to
a distinct cluster, also chosen at random. The number of perturbation moves is nfp ,
where fp ∈ [0, 1] is the perturbation rate (an input parameter of the algorithm). In
order to calibrate the value for fp , empirical tests were performed in a small subset of
instances chosen at random. The test consisted in using several values of fp for each
one of the selected instances and then verifying which value yielded the best results.
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Algorithm 3 ILS(G, tmax , tr estart )
1: G∗ ← LocalSearch(construct(G))
2: Gbest ← G∗
3: tstart ← time()
4: t′ ← time()
5: while (time() − tstart ) < tmax do
6:
G∗∗ ← LocalSearch(perturb(G∗ ))
7:
if cost(G∗∗ ) < cost(Gbest ) then
8:
Gbest ← G∗∗
9:
end if
10:
if cost(G∗∗ ) < cost(G∗ ) then
11:
G∗ ← G∗∗
12:
t′ ← time()
13:
end if
14:
if (time() − t′ ) ≥ tr estart then
15:
G∗ ← LocalSearch(construct(G))
16:
t′ ← time()
17:
end if
18: end while
19: return Gbest

In Fig. 5, vertex i was transferred from cluster Ca to cluster Cb .
Cb

Ca

Cb

Ca
i

i
Fig. 5 Random Cluster Change Perturbation.

7.2 Cluster Split
Given a solution G∗ , Cluster Split (CS) randomly selects a cluster C and partitions it
into |C| new clusters, each composed of a single vertex, as shown in Fig. 6. The main
idea is to open the possibility of regrouping vertices of C in a different way, in order
to build new clusters.

7.3 Cluster Creation
The Cluster Creation (CC) perturbation randomly selects a vertex i ∈ V (G∗ ) and
creates a new cluster C with it. Next, for every vertex j ∈ V (G∗ )\{i}, a random
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Fig. 6 Cluster Split Perturbation.

vertex k in the same cluster of j is chosen. If cost(ij) > cost(jk) then k is transferred
to C; if cost(ij) < cost(jk) then k is kept in the same cluster; finally, if cost(ij) =
cost(jk) then k is transferred to C with a probability p, as shown in Fig. 7. The value
of p was defined using the same methodology used to select the value of fp in RCC.

j
i

k

C
i

j

C
k i

Fig. 7 Cluster Creation Perturbation.

8 A Refinement Method Based on Set Partitioning
In this section, we propose a method based on a two-phase strategy that works as
follows. In the first phase, we generate a solution G∗ of CEP(G) by applying an
heuristic algorithm H (which is either the GRASP or the ILS heuristic, described
in Sections 6 and 7) to input G. Consider all the feasible solutions G1 , G2 , . . . , Gk
visited by H in order to obtain G∗ . Assume that V (Gj ) is partitioned into clusters
r
Cj1 , . . . , Cj j , and consider the collection C of all clusters generated in the first phase,
r
that is, C = ∪kj=1 {Cj1 , . . . , Cj j }. We remark that C is not considered as a multiset
(possible duplicates of a cluster Cjh are discarded). Rewrite C = {C1 , C2 , . . . , Cℓ }.
Note that each subset Cj ∈ C is a candidate to be a cluster in an optimal solution.
In the second phase, the idea is to select some suitable clusters from the pool of
clusters C such that the selected clusters form a partition of V (G). Let Ci ⊆ C be
the subset of clusters that contain vertex i ∈ V (G). Define yj as the binary variable
associated with a cluster Cj ∈ C, and let cj = cost(Cj ), as defined in Section 2. We
solve the following Set Partitioning (SP) formulation for CEP(G):
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minimize

ℓ
X

cj y j

(4)

j=1

subject to

X

yj = 1

j∈Ci

yj ∈ {0, 1}

∀i ∈ V (G)

(5)

1≤j≤ℓ

(6)

The objective function (4) minimizes the sum of the costs by choosing the best
combination of clusters. Constraints (5) state that every vertex i ∈ V (G) must be
exactly in a single cluster from the subset Ci (thus the selected cliques with yj = 1
form a partition of V (G)). Constraints (6) define the domain of the decision variables.
Note that the objective function minimizes the number of edge editing operations
over all possible solutions of CEP(G) that can be constructed from clusters in C. The
above ILP has always a solution, since C contains subcollections forming partitions.
The algorithm proposed above is called H+SP, which is the combination of the
GRASP heuristic described in Section 6 or the ILS heuristic described in Section 7
with an exact method based on Set Partitioning (SP).
Algorithm 4 contains the pseudocode of algorithm H+SP. First, an empty pool
of clusters is initialized (line 1). Next, a solution G∗ is generated using heuristic H,
which also fills the pool with the clusters (line 2). The SP model, given by (4)-(6),
is created using the pool of clusters (line 3). The SP problem with G∗ as a primal
solution is then passed to a Mixed Integer Programming (MIP) solver (line 4) which,
in turn, will find a solution G′ at least as good as G∗ . In case of improvement a local
search is performed (lines 5-7).
Algorithm 4 H+SP(MaxIter, MaxHTime, MaxSPTime)
1: ClusterPool ← NULL
2: G∗ ← H(MaxIter, MaxHTime, ClusterPool)
3: SPModel ← CreateSPModel(ClusterPool)
4: G′ ← MIPSolver(SPModel, G∗ , MaxSPTime)
5: if f (G′ ) < f (G∗ ) then
6:
G∗ ← LocalSearch(G′ )
7: end if
8: return G∗

9 Generating Random Instances for the CEP
We discuss in this section how to generate random instances for CEP with various levels of difficulty. We follow the well-known random graph model proposed in Gilbert
(1959). Denote by G(n, p) a random graph with n vertices such that every possible
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edge occurs independently with probability p. To determine the ‘difficulty’ of an instance, we use a criterion based on number of edge editing operations necessary to
achieve optimality (although other criteria, such as processing time, are also possible): for two instances G1 , G2 with the same number n of vertices, we say that G1 is
harder than G2 (or that G2 is easier than G1 ) if opt(G1 ) > opt(G2 ).
The expected number of edges of G(n, p) is pn(n − 1)/2. The number p can
also be viewed as the density (expected percentage of edges) of G(n, p). Intuitively,
using values of p close to 0 or 1 (related, respectively, to sparse or dense graphs) tend
to generate easier instances. An algorithm for CEP(G(n, p)) is expected to perform
few edge additions in the former case, and few edge deletions in the latter. Such a
behavior is experimentally tested below.
The value opt(G(n, p)) was calculated for several pairs (n, p). Figure 8 shows
the results for some values of n. For a fixed n, each mark in the set {+, ×, ∗} with
coordinates (x, y) represents an experiment “set p = x, generate a random graph
G(n, p) and compute y = opt(G(n, p))”. Note that, in general, harder instances
are concentrated around p = 0.6. Figure 9 shows the corresponding percentages of
deletions among the total number of editing operations.
180
30
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160

140

optimum

120

100

80

60

40

20

0
0

0.2

0.4

0.6

0.8

1

p

Fig. 8 Values opt(G(n, p)) for n = 20, 25, 30.

In order to interpret Figures 8 and 9, we resort to the theory of random graphs. In
particular, we study the diameter of the random graph G(n, p). Consider the property
P : “no two vertices i, j of G satisfy dG (i, j) ≥ 3”. Property P is clearly hereditary
on subgraphs. Due to this fact, we can translate results from the Erdős-Rényi model
of random graphs (Erdős and Rényi, 1959) to the Gilbert model. Denote by [x] the
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Fig. 9 Percentages of edge deletions among the total number of edge editing operations.

closest integer to x. For a graph G with n vertices and m edges, where m = [pn(n −
1)/2], let ξ(n, m) be the expected percentage of pairs (i, j) ∈ V (G) × V (G), with
i < j, such that dG (i, j) ≥ 3. By the proof of Lemma 1 in Klee and Larman (1981),
p.623, ξ(n, m) ≤ (1 − p2 )(n−3)/2 . For instance, for n = 25 and p = 0.4, we have
ξ(n, m) ≤ 5%. This shows that the probability of finding a pair of vertices at distance
three or more in G is small when p ≥ 0.5. Thus:
– For harder instances (those concentrated around p = 0.6, as shown in Figure 8),
the most likely value for their diameter is two; this fact was already expected,
due to Theorem 1. Optimal solutions are obtained by balanced numbers of edge
deletions and additions (see Figure 9).
– For easier instances, Figure 9 shows two scenarios. For p ≤ 0.4, edge deletions
dominate edge additions, while for p ≥ 0.7 the opposite situation occurs.
10 Experimental Results
In this section, the proposed algorithms are experimentally evaluated on artificial test
problems. To the best of our knowledge, there are no public sites containing CEP
instances. The instances used in our experiments were generated according to the
method discussed in Section 9. Overall, there are 50 instances with 25 to 500 vertices
and densities varying from 0.05 to 0.5.
All the tests have been run on a PC desktop equipped with a 6-core 3.33 GHz Intel Core I7 980X processor and 24 GBytes of RAM under Windows 7 x64 operating
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system. CPLEX 12 was used to solve SP problems to optimally, by means of the formulation presented in Section 4. All the algorithms were code in C++ and compiled
with MinGW-x64.
In order to evaluate the convergence of the heuristic algorithms, preliminary tests
were performed in order to define a target solution value t gt(G) for each instance
G, as follows. If the solver was capable of finding opt(G) then t gt(G) = opt(G),
otherwise the optimal solution is unknown and t gt(G) was set as the best solution
value found in 10 runs of the GRASP heuristic; the idea in this case is to set an
“average difficulty” target with a view of balancing convergence rate results of the
heuristic algorithms.

10.1 Evaluation of the Algorithms
Preliminary experiments revealed that Relative Neighborhood appears to be more
efficient than Vertex Agglomeration, although, in some instances, the latter is capable
of generating a better initial solution. Nevertheless, from our tests, we observed that
a high quality initial solution does not necessarily imply in a good final solution. It
is actually more interesting to start with diversified solutions, than to put efforts in
devising constructive procedures aiming at building high quality initial solutions. In
view of this, we decided to include both methods in our algorithm.
The same behavior occurs for the local search and perturbation mechanisms.
Their individual performance appear to be dependent on the instance characteristics.
However, when put together, they seem to perform much better. More specifically,
if we run different versions of the algorithm using the same CPU time limit, where
in each of them we consider only one neighborhood structure, the quality of the solutions generated by these versions will not be as good as those generated by the
version that makes use of all neighborhood structures.
Our first experiment consisted of running the CPLEX solver, using the ILP described in Section 4, for each instance. A time limit of three hours was imposed for
each run. Table 1 shows the number of instances solved to optimally, for each group
size. Column n denotes the size of each group of instances, column total correspond
to the number of instances of each size, and column opt indicates the number of instances solved to optimally. CPLEX was only capable of finding the optimal solutions
of 28% of the instances. Also, no instance with more than 100 vertices was solved.
Table 1 Number of instances optimally solved.
n
25
50
100
200
500
1000

total
10
10
10
10
10
10
50

opt
10
3
1
0
0
0
14
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Table 2 summarizes the results obtained by GRASP and ILS for small instances
(graphs with at most 200 vertices). The first column corresponds to the size of each
group of instances, column total specifies the number of instances of each size, and
the third column indicates the time limit in seconds used as a stop criterion. Columns
labeled conv% show the percentage of times the target t gt(G) was found by the
algorithm, where 10 executions were performed for each instance G. Finally, columns
labeled time denote, in each row, the average runtime in seconds for all the runs
associated with that row.
Table 2 Experimental results for small instances.
n
25
50
100
200

total
10
10
10
10
40

tmax
0.63
2.50
10.00
40.00

GRASP
conv %
time (s)
100.00
0.00
60.00
0.72
42.00
7.59
23.00
7.59
56.25
3.97

conv %
100.00
94.00
97.00
100.00
97.75

ILS
time (s)
0.01
0.27
0.48
0.74
0.38

From Table 2 it can be observed that, given a time limit tmax , the convergence
rate of GRASP decreases as n increases, while ILS maintains a good performance
and regular behavior for all values of n, with small runtime.
Table 3 shows the results of experiments using a time limit as the stopping criterion. From left to right, the columns show: the size of the instances, the number of
instances of each size, and the computational time of each algorithm according to the
size of the instances. The columns named gapb% show the average percentage gap
with respect to the best solution found for each instance, while the columns named
gapa % show the average percentage gap considering all solutions found for each instance. The gaps are calculated with respect to the optimal solution or with respect to
the best known solution (when the optimal solution is unknown). For every instance
with known optimal value, both GRASP and ILS found the optimal value.

Table 3 The gap between GRASP and ILS in small instances.
n
25
50
100
200

total
10
10
10
10
40

t
0.31
1.25
5.00
20.00

GRASP
gapb %
gapa %
0.00
0.00
0.00
0.23
0.99
1.30
1.13
1.34
0.53
0.71

gapb %
0.00
0.00
0.00
0.00
0.00

ILS
gapa %
0.00
0.06
0.18
0.21
0.11

Table 4 presents detailed results for n = 500. Each row in this table corresponds
to a single instance. The first column shows the expected density d of the instance
(see Section 9). Remaining columns have a similar meaning as in Table 2. However,
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in this case, the values in each row are calculated over 10 runs on the same instance.
A time limit of 250 seconds was imposed for all the runs.

Table 4 Convergence rate using tmax = 250 s for instances with n = 500.
d
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

GRASP
0.00
0.00
10.00
0.00
30.00
20.00
10.00
10.00
0.00
30.00
11.00

ILS
60.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
96.00

GRASP+SP
100.00
100.00
20.00
10.00
30.00
50.00
10.00
40.00
20.00
60.00
44.00

ILS+SP
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00

By observing the results described in Table 4, one can verify that when embedding
the SP module into GRASP, the convergence rate increases by four times. On the
other hand, when incorporating the SP module into ILS, where the convergence rate
was 100% for all instances.
Table 5 presents detailed results for n = 1000. As in Table 4, the values on each
row are computed over 10 runs on the same instance. However, in this case, a time
limit of 400 seconds was imposed for all runs.

Table 5 Convergence rate using tmax = 400 s for instances with n = 1000.
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

GRASP
50.00
80.00
80.00
60.00
90.00
60.00
50.00
70.00
80.00
30.00
65.00

ILS
80.00
100.00
60.00
60.00
60.00
30.00
60.00
70.00
70.00
60.00
65.00

GRASP+SP
50.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
95.00

ILS+SP
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00

The results described in Table 5 show that both GRASP and ILS have the same
average convergence rate. As in Table 4, the convergence rate also increases when
embedding the SP module. Again, when incorporating the SP module into ILS, the
convergence rate was 100% for all instances.
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10.2 Impact of Reduction Rules
In this subsection, we first analyze the effectiveness of reduction rules in finding permanent edges/non-edges (see Section 5). Table 6 illustrates the percentages (“fixation
rates”) of edges and non-edges that have been set as permanent after applying the
rules. The first column indicates the size of each group of instances; second and third
columns show fixation rates for edges (Rules 2 and 3) and non-edges (Rules 1 and 4),
respectively; while fourth and fifth columns show the fixation rate of Rule 1 and the
expected rate giving by the ξ(n, m) value (see Section 9), respectively. The present
average values were computed over 10 instances of the same size. Since Rules 2 and
3 (see Section 5) are only preprocessing procedures for fixing permanent edges, we
note that its effectiveness is not significant for the instances tested. In addition, for
permanent non-edges, fixation rates are substantial for smaller graphs but such rates
rapidly decrease as the instances get larger. Regarding Rule 1, we can verify that
this rule is responsible for the most of non-edges fixing and close to the theoretical
expected value ξ(n, m).

Table 6 Fixation rates in terms of n.
n
25
50
100
200
500
1000

edges %
1.67
0.00
0.00
0.00
0.00
0.00
0.28

non-edges %
32.47
19.55
12.28
7.73
3.08
0.82
12.66

Rule 1 %
21.92
15.04
10.22
7.10
2.86
0.70
9.64

ξ(n, m)
32.16
20.65
12.93
7.60
2.94
0.82
12.85

As pointed out in Section 9, graph density has a significant influence on fixing permanent edges/non-edges. Table 7 presents the fixation rates with respect to the graph
density. The first column shows instance densities, while second to fifth columns are
similar to Table 6, where these values were computed over 6 instances with the same
density with n ∈ {25, 50, 100, 200, 500, 1000}. These results confirm that the fixation rates tend to increase considerably in sparser graphs, where Rule 1 obtains results
close to the theoretical expected value ξ(n, m).
In addition to reduction rate analysis, we first investigated how the CPLEX solver
performs on raw instances and then over reduced instances. The objective is to verifiy
if reduction rules affect runtime and solution quality. To evaluate the effect of reduction rules in the runtime, we have computed the improvement on the average time as
follows: timeimprv = (timeraw − timered )/timeraw , where timeraw and timered
are the average runtimes for raw and reduced instances, respectively. To evaluate the
effect of reduction rules over the solution quality, we have computed the gap difference ∆gap = gapraw − gapred , where gapraw (gapred ) is the average gap obtained
by the solver on raw instances (reduced instances, respectively). Table 8 depicts the
CPLEX results, where the first column represents the instance sizes, while second
and third columns show timeimprv and ∆gap values.
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Table 7 Fixation rates in terms of d.
d
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

edges %
4.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.42

non-edges %
80.52
45.36
27.52
13.77
8.78
1.95
1.37
0.81
0.00
0.00
18.01

Rule 1 %
56.33
26.93
9.07
3.02
0.45
0.17
0.17
0.17
0.10
0.00
9.64

ξ(n, m)
60.02
32.45
17.87
9.56
4.86
2.29
0.98
0.36
0.12
0.03
12.85

Table 8 Time and solution quality improvements in terms of n.
n
25
50
100
200

timeimprv %
3.67
11.47
9.53
8.22

∆gap %
0.00
0.26
16.35
147.05
40.92

Time improvement results in Table 8 do not draw a clear pattern since most instances could not be solved within the time limit, yielding an unrealistic time difference between raw and reduced instances. However, we remark that: (a) for a few
instances, the runtime decreased 95% after using reduction rules; (b) when considering those instances solved to optimally using both raw data and reduced data, time
improvement was, on average, 41% – in these cases, interestingly, CPLEX speed up
using reduction rules increases with the instance size. Therefore, gains are highly
meaningful, which strongly justifies the use of the reduction rules studied.

10.3 Comparison with other Algorithms
In this section, we compare the ILS-SP with the Transitivity Clustering method (TC)
(Wittkop et al, 2007). The TC method combines the heuristics Force-Based Cluster Editing (FORCE) (Wittkop et al, 2007) and Cluster Affinity Search Technique
(CAST) (Ben-Dor et al, 1999) with the exact algorithm Fixed-Parameter (FP) (Böcker
et al, 2008) to solve the CEP. More specifically, TC seeks to balance the computational time and solution quality by combining the algorithms according to certain
criteria. For example, exact methods are not employed on large instances, but they
are used in small instances.
The authors of the TC method compared their approach against the best known
methods available in the literature and show that, in general, TC obtains high quality
solutions with low computing time (Wittkop et al, 2010), when compared to other
heuristic algorithms proposed in the literature. Because of this, and also due to the
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fact that TC gathers the most succesful methods from the literature, we only compare
our results with those obtained by the TC algorithm.
We downloaded the TC software in Baumbach et al (2014) and conducted the
tests on the machine described at the beginning of Section 10. The software does
not allow the user to set a time limit. To perform a fair comparison we run the TC
software 10 times on the selected instances and store the results. Then we use the
average computational times of TC as an input limit time for the ILS-SP. Moreover,
we also executed our algorithm 10 times.
Table 9 illustrates the comparison between ILS-SP and TC. From left to right, the
columns show: the size of each instance, the average graph density, the computational
time used by the algorithms, and the gaps of the best solutions found by each algorithm. From Table 9 we can observe that ILS-SP finds better solutions in all instances
but one. Moreover, the average gap of ILS-SP was 0.01% against 0.11% of TC.
Table 9 Comparison between TC and ILS-SP
n
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

d
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

t
6.6
6.1
6.7
19.6
30.3
12.1
11.7
11.6
10.2
19.3

TC
gap %
0.19
0.02
0.00
0.01
0.04
0.02
0.08
0.13
0.22
0.36
0.11

ILS-SP
gap %
0.00
0.00
0.06
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.01

10.4 Empirical Probability
In this section we evaluate the algorithms GRASP and ILS using the methodology
introduced by Aiex et al (2003), which consists of analyzing the results of each algorithm on certain instances empirically. The idea is to set a target value for the solution
of the problem and store the time spent by the algorithm to find that target. Finally,
easy and hard targets may be chosen to evaluate the behavior of each algorithm.
For an instance with size n = 500, three targets with different degrees of difficulty
were defined. The first target, considered easy, was defined as the average cost of the
solutions generated by GRASP during preliminary tests. The second target, assumed
to have medium difficulty, was selected as the cost of the best solution found by
GRASP, also according to preliminary tests. Finally, the third target, considered hard,
was defined as the cost of the best known solution. For each instance and for each
target, the algorithms were executed 100 times, and the computational time limit was
100 seconds for the easy target; 250 seconds for the medium target; and 1000 seconds
for the hard one.
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Figures 10, 11, and 12 show the probability distributions of the results obtained
for the instance with easy, medium, and hard targets respectively. The figures show
the computational time as the abscissa in logarithmic scale and the probability pi as
the ordinate. The results demonstrate that ILS converges more quickly than GRASP
in all cases.
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Fig. 10 Empirical probability: easy target.
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Fig. 11 Empirical probability: medium target.

11 Conclusions
In this paper, several contributions for the Cluster Editing Problem have been made.
The most important ones include theoretical and empirical results about data reduc-
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Fig. 12 Empirical probability: hard target.

tion and instance generation. Moreover, we propose fast algorithms that solve large
instances in reasonable runtimes.
To the best of our knowledge, this is the first time that major efforts were made
to study, generate and solve hard instances for the problem. In fact, we characterize
a class of hard instances by empirical evidences, showing that the number of edge
editing operations is greater when the graph has density about 0.6, and decreases
when the graph becomes sparser or denser.
Two heuristics have been proposed based on the GRASP and ILS metaheuristics,
as well as two new greedy constructive heuristics and three new neighborhoods. We
have also developed three perturbation algorithms for an ILS-based heuristic.
In order to strengthen the results obtained by the proposed heuristic algorithms,
an exact module based on Set Partitioning has been integrated to them, resulting in a
very robust tool in terms of solution quality.
Future work includes searching for new valid inequalities for the formulation
described in Section 4, in order to optimally solve more and larger instances and thus
create a wider basis for the evaluation of the heuristics. Other interesting research
direction is to develop a theoretical analysis of the proposed heuristic algorithms, e.g.
study their approximation ratio, specially for graphs of diameter two (since the CEP
is NP-hard even for such graphs).
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Erdős P, Rényi A (1959) On random graphs i. Publicationes Mathematicae 6:290–297
Gilbert EN (1959) Random graphs. Annals of Math Stat 30:1141–1144
Gramm J, Guo J, Hüffner F, Niedermeier R (2005) Graph-modeled data clustering:
Exact algorithms for clique generation. Theor Comput Sys 38:373–392
Grötschel M, Wakabayashi Y (1989) A cutting plane algorithm for a clustering problem. Math Program 45(1):59–96
Guo J (2009) A more effective linear kernelization for cluster editing. Theor Comput
Sci 410:718–726
Hansen P, Mladenovic N (2003) Variable neighborhood search. In: Glover F, Kochenberger G (eds) Handbook of Metaheuristics, Kluwer Acad. Publ., chap 6, pp 145–
183
Hartuv E, Schmitt AO, Lange J, Meier-Ewert S, Lehrach H, Shamir R (2000) An
algorithm for clustering cdna fingerprints. Genomics 66(3):249–256
Jain AK, Murty MN, Flynn PJ (1999) Data clustering: A review. ACM Comput Surv
31(3):264–323
Klee V, Larman D (1981) Diameters of random graphs. Can J of Math 33(3):618–640
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